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In this chapter, we will study the use of derivatives
(i) to determine rate of change of quantities.
(ii) to find interval on which a given function is increasing or decreasing.
(iii) to find turning points on the graph of a function which in turn will help us to
locate points at which largest or smallest value of a funetion oceurs.
(iv) to find maximum and minimum values of a function.

APPLICATION OF

DERIVATIVES

| TOPIC 1|
Rate of Change of Quantities

By the denvative - we mean the rate of change of distance 5 with respect o
i

ome ¢. Here, 515 d:p:nd:nr quantiry and £ 15 indcp:ndtm: quaneity. So, we can
say that the rate of d'langi: of a quantity 1s the dermvative of this d:pendcnt
quantity with respect to that quantity at which it depends.

Suppose one quantity y (dependent quantity) varies with another quantity, say
x (independent) satisfying some rule y = f{x), then % or f(x) represents the

rate of change of y with respect to x.

RATE OF CHANGE OF A
QUANTITY AT A POINT

Suppose quantity y varies with another quantity x, then rate nfd‘lang: of ywith

o
respect to x at point x = x 15 given bx[;’r] or f(xy), i.e. firstly, find the

'

derivative of y with respect to x and then put x;; in place of x in —'}I

Rate of Change of Two Variables
Suppose two variables are varying with respect to another
variable 1, i.e. ¥ =fl(t)and x= g {#). Then, rate of c]'l.:mgc
of y with respect to x is given by
dy  dyldt
dv  dlds

el
, provided that E:’:U or e d

[by chain rule of derivative]

dr

& _b & [dv

e @)

%Y CHAPTER CHECKLIST

* Rate of Change of Quantities

¢ Increasing and Decreasing
Functions

s Maxima and Minima

On differentiating both sides w.rt r, we get
dv 4 3 1] .
—=—m(3r j=4nmr -
&3 (3r7) (i}

Mow, we have to find rate of change of volume, when
radius is 7 cm. 5o, putting r =7 in Eq. (i), we get

—] = 4m(7)" = 47(49) = 1967 cm *fem
-

Hence, the volume is increasing with respect to its radius
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Thus, the rate of change of y with respect to x can be
calculated using the rate of change of y and that of x both

with respect to .

MNote
{i) The term ‘rate of change’ means the instamtansous rate of
changs.
iy ahpna.iti'.le_ if y increases as x increases and is negative, if y
dECrEases 38 x iNCreases.

{iiiy For rate of change of shadow, wse the concept of similar
triangles to establish the relationship betwesan the vanables.

METHOD OF FINDING THE RATE OF CHANGE

To find the rate of change, we generally use the following
steps
L First, identify the quantity for which we have to find
rate of change, i.c. dependent quantity, generally this
quantity is given as area or volume of geometrical
Egurl:., et
I1. Identify that quantity 2t which quantity obtained in
step | is depend, i.c. independent quantity as radius,
side, etc.
HI. Differentiate the quantity obtained in step [ with
respect to quantity obtained in step Il and find
required rate of change.

IV. Ifwe have to calculate rate of change at a particular
value of quantity obtained in step [1, then put that
particular value in rate of change obtained in step 111
and get required answer.

Mote Somstimes, rate of change of independent gquantily =
gven, them we find the rate of change of dependent
quantity with respect to that quantity 2t which independent
quantity depend.

EXAMPLE |1] A balloon which always remains
s!:lherical haz a variable radius, find the rate at which its

volume is increasing with respect to its radius, when the
radius is 7 cm.

Sol Here, we have to find rate of change of volume with
respect to radius, so volume is dependent quantity and
radius is independent quantity.

Let r be the radins and V' be the volume of spherical
balloon, then V = %nr’.

[using Eq. {iii}]

Whenr=2 then
d—sngnﬂcmih

dr

EXAMPLE |4] The radius r of a right circular cone is
decreasing at the rate of 3 cm/min and the height h is
increasing at the rate of 2 em/min. When r =9 cm and
h =6 cm, find the rate of change of its volume.
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at the rate of 196 1 cm em, when the radius is 7 em.

EXAMPLE |2| The radius of a circle increases at a rate

of 0.2 cm/s. Calculate the rate of the increase of the
area, when the radius is 5 cm.

S0l Here, we have to caleulate rate of change of area with
respect to radius.

S0, let x be the radius and y be the area of circle. Then,

y= maxt i)
Also, rate of change of radius with respect to time is
0.2 cmyfs.
dix
— =2 .1
& lii}

[ radins changing with time, so area depends on time]
Mow, differentiating both sides of Eq. (i) w.rt r, we get

dy dx
—mg-2y-— chain rule
dt dr [y ]

= inx(02)=04ny  [using Eq. (ii)]
‘When radius x =5¢cm, then

[';"I]-M nmxS=dnem’fs
di

Hence, the required rate of increase of the area is
21 cmz.&

EXAMPLE |3| The volume of a sphere is increasing at
the rate of 3 cm*/s. Find the rate of increase of its surface
area, when the radius is 2 cm. [Delhi 2017]

Sol. Letr be the radius of sphere and Vbe its volume.

Then, v -i rrt
3
dv -+ 3 dr ’
—_—maar))—
- dt = 3 ¢ }d: "
Given, "= 3em¥/s i)
dt
From Eqs. (i) and (ii), we get
-+ 3 d.l" d'r 3 —
J=—(3n —_— —_——
3[ ’ ]dr - 4t 4nr? (i)
Mow, let 5 be the surface area of sphere, then
Smdanr?
= E- 4m(2r) dr
dr dt

On putting y =4 in Eq. (i}, we get
Sxe=le = x=12

Hence, the required point is (2, 4).

EXAMPLE |6] A ladder 5 m long is leaning against a

wall. The bottom of the ladder is pulled along the ground

away from the wall at the rate of 2 cmy/s. How fast is its

height on the wall decreasing, when the foot of the ladder

is 4 m away from the wall? INCERT; All India 2012)

Sol. Let AC =5m be the length of ladder and A8 be the

distance of the ladder from the wall at any time t, such
that AB= x and BC = y (BC be the wall)
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[Delhi 2017C)
S0l We have, % = =3 cm/min A1)
Iy
and I:—h = 2 cm/min . Aii}
I
Let V be the volume of a cone. Then,
Ve l:I'I:r:i!l
3
= I:i—llr- lI'I[r ~ﬁ+h Erﬂ]
di 3 di dit
dv 1 ®
= Z=ln[z® + 2rh(=13)]

dt
[using Eqs. (i) and (ii)]

Nm.i—vwhenr-'ﬂmdh-ﬁ is given by
[

[d_"’] = in[:{gf = G{9)(5)]= lr:[mz =324
dr . e h-s 3

1
= Eﬂ[- 162)= = 54t cm’/min

Thus, the volume is decreasing at the rate 547 em”fmin.

EXAMPLE |5| Find the point on the curve y* = 8x for
which the abscissa and ordinate change at the same rate.
Sol Let the required point be (x, v}

Given, ‘—ix = d_.r i)
dt b
and ;|.|'i =gy . Aii}
On differentiating both sides of Eq. (if) w.rt. t, we get
zy:‘—-:'-a —J=&2y-3 [from Eq. (i)]
= y=4

(ii1) Area of a trapezium = Zl # Sum of parallel sides

# Perpendicular distance berween them
(v) Area of a arcle = nrl
and circumference of a cirde = 21r
where, ris the radius of a crcle.

(v) Volumeofa 5p]1|:rc= %'ﬂ:r" and surface area= 417

where, ris the radius of sphere.
(wi) Total surfai:l: area of a right circular cylinder
= 21trh + 27tr - Curved surface a.rl:a ofa right circular

cylinder = 21rb and volume = mr 2p, where r is the
radius and 4 is the height of the cylinder.

(vii) Volume of a right circular cone = l'I1::|" b
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C "i"a'
%F ¥
Ground I

#—— X ——s B
- dix
Given, x =4 m, d_- 2 emyfs = 0.02 m/fs
I

In right angled AABC, we get
AB® + BC* = AC* [by Pythagoras theorem]
x* + yi =(5)*
= x'+y'=2s i)
When x =4, then16 + y* = 25
=  y=J5-l6=40=3

On differentiating both sides of Eq. (i) wort. ¢, we get
E.rd—x+2y-£-ﬂ=>x +:,r-£-ﬂ
dr dt dt

=4 x0.02 +3xd—:'r-ﬂ =3 3"1_-'"--11%
dt di

= (.08

=% EE-_mf
3

di
= (08 » 100
[

3

cmy's [~-1 m =100 cm)

=_— ¢cm/s
3

Hence, the height of the wall decreasing at the rate of
% cm/fs, when the ladder is 4 m away from the wall.

Some Usetul Results
(1) Area of a square = x? and perimeter = 4x
where, x 1s the side of the square.
() Areaofa n:l:tan.gic =xy and perimeter = 2(x + 1}{]
where, x and y are length and breadth of recrangle.

Marginal Revenue
MHIS].TIE] revenume I.'EP'I.'EIEI'.I.I.'S I'J.'IC' rape Dr I:I'.IEIIEC ﬂf tﬂtﬂ]

revenue with respect to the number of items sold at an
instant.

If R{x) represents the revenue funcoon for x units sold, then

marginal revenue denoted by MR, is given by
MR = i{ﬂ(x}}

Mote Total cost = Fixed cost + Variable cost
ie. Cix)=flc) + vix).

EXAMPLE |8| The total revenue (in ¥) received from

the sale of x units of a product is given by
R(x) =3x" +6x +5. Find the marginal revenue, when

x =5 INCERT]
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Curved surface area = mrf

and total surface area = 'Il:r3 +
where, ris the radius, bis the hcight and [ 15 the slant
h:ighr of the cone.

{vitl) Volume of a parallelopiped (cuboid) = =

and surface area = 2{1} + =+ zx), where x, ¥ and =
are the dimensions of a parallelopiped.

(ix) Volume ofa cube= x? and surface area= 6x2

where, x 15 the side of the cube.

(x) Area of an equilateral trja.nglc = %Sid:] =

Marginal Cost
Marginal cost represents the instantaneous rate of change of

the total cost with respect to the number of items produced
ar an instant.

If C(x) represents the cost funcrion for x units produced,
then marginal cost denoted by MC, is given by

a’
MC = E{-‘.‘fl{x}}.

EXAMPLE |7]| The total cost C{x) of producing x items
in a firm is given by (x) = 0.005x* —0.02 x* + 30x + 6000.
Find the marginal cost when 4 units are produced.
Sol We have, O x)= 0005 x* = 002x" + 30x + 6000
- Marginal cost,
MC -%-&mxax*-&uzx 2x 430

= [MC], _, = (0005 % 3x16) = (002 % 2 % 4) + 30
=024 = 016 + 30 = 3008

Hence, the required marginal cost is ¥ 30.08.

3 The radius of the base of a cone is increasing at
the rate of 3 cmy/min and the altitude is
decreasing at the rate of 4 cm/min. The rate of
change of lateral surface when the
radius =7 cm and altitude 24 cm, is
{a) 5dm em” / min
(b) Trem® / min
() 27 em® / min

(d) None of the above

4 Akite is moving horizontally at a height of
151.5 m. If the speed of kite is 10 m/s, then the
rate at which the string is being let out when the
kite is 250 m away from the boy who is flying
the kite and the height of the boy 1.5 m is

(a) 4 m/s (b) 6 m/s

e @)

Sol. Given, R{x)=3x" #6x +5
We know that marginal revenue is the rate of change of
total revenue with respect to the number of units sold.
~. Marginal Revenue,

dR
ME=—=68x+6
dx

When x =5, then
MR =6(5)+6 =36
Hence, the required marginal revenue is ¥ 36.

TOPIC PRACTICE 1 |

OBJECTIVE TYPE QUESTIONS

1 If the sides of an equilateral triangle are
increasing at the rate of 4 cm/s, then the rate at
which the area increases, when side is 5 em, is

(a) 10em? /5 (b) 3 cm? /s
(c) 1043 em® /s (d) %cm] /s

2 Aladder, 5 m long, standing on a horizontal
floor, leans against a vertical wall. If the top of
the ladder slides downwards at the rate of
10 em/s, then the rate at which the angle
between the floor and the ladder is decreasing
when lower end of ladder is 2 m from the wall is

INCERT Exemplar]
1 1
(a) B rad/s (b) 30 rad/s
(c) 20 rad/s (d) 10 rad/s

11 The total cost C(x) in rupees, associated with
the production of x units of an item is given by
C(x) = 0.005x* =0.02x? + 30x + 5000. Find the
marginal cost when 3 units are produced,
whereby marginal cost, we mean the
instantaneous rate of change of total cost at any
level of output. |2018; NCERT)

12 The total revenue in rupees received from the
sale of x units of a product is given by
R{x]-lExI+ZEx+15. Find the marginal revenue,
when x="1 [NCERT]

SHORT ANSWER Tvpe | Questions

13 Ifthe area of a circle increase at a uniform rate,
then prove that perimeter varies inversely as
the radius. [NCERT Exemplar]

@ www.studentbro.in



Get More Learning Materials Here : i

(c) Tm/fs

§ The total cost C(x) (in ¥) associated with the

production of ¥ units of an item is given by
C(x) = 0.007x* = 0.003x? + 15x + 4000.

The marginal cost when 17 units are produced,
is

(a) 7 20.967
(c) 7 81.968

(d) 8 m/s

(b) T 21.967
(d) T 11.967

VERY SHORT ANSWER Type Questions

6 The rate of change of the area of a circle with
respect to its radius r, when r = 3 cm, is ...
[Delhi 2020]

7 The radius of an air bubble is increasing at the
rate uf%-:rm"s. At what rate is the volume of

bubble increasing, when the radius is 1 em?
[NCERT]

8 Find an angle 8. where 0 <8 < %, which
increases twice as fast as its sine.

9 The volume of a cube is increasing at the rate of
8em?/s. How fast is the surface area increasing

when the length of its edge is 12 cm? |All India 201 9]

10 A balloon which always remains spherical on
inflation is being inflated by pumping in
900 cu cm of gas per second. Find the rate at
which the radius of the balloon increases, when
the radius is 15 cm. [NCERT]

SHORT ANSWER Tvpe 11 Questions

21 The length x of a rectangle is decreasing at
the rate of 5 em/min and the width yis
increasing at the rate of 4 cm/min. Whenx =8
cm and y =6 cm, find the rate of change of

(i) the perimeter.

(ii) the area of the rectangle.
INCERT; All India 2017]

22

Aman 2 m tall, walks at a uniform speed of
6 km/h away from a lamp post 6 m high.

Find the rate at which the length of his shadow
increases.

23 A man is moving away from a tower 41.6 m high
at the rate of 2 m/s. Find the rate at which the
angle of elevation of the top of the tower is
changing when he is at a distance of 30 m from
the foot of the tower. Assume that the eve level
of the man is L6 m from the ground.

24 Aswimming pool is to be drained for cleaning.
If L represents the number of litres of water in

the pool f seconds after the pool has been

14

15

16

17

18

19

20

28

29

30

e @)

The volume of a cube is increasing at a rate of
9 em®/s. How fast is the surface area increasing

when the length of an edge is 10 cm?
[All India 2017]

The volume of a cube increases at a constant
rate. Prove that the increase in its surface area
varies inversely as the length of the side.

INCERT Exemplar]
For the curve y = 5x -2x* if x increase at the

rate of 2 units/s, then find the rate of change of
the slope of curve changing whenx =3,

[Delhi 2017; NCERT Exemplar]

The radius r of a right circular cylinder is
increasing at the rate of 5 em/min and its height
h, is decreasing at the rate of 4 em/min. Find the
rate of change of voelume when its r = 8 cm and
h=6cm. |All India 2017C)

A balloon which always remains spherical has a
variable diameter %{11’ +1). Then, find the rate

of change of its volume with respect to x.

|All India 2017C)
A particle moves along the curve Gy = 2
Find the points on the curve at which the
y-coordinate is changing 2 times as fast as the
x-coordinate. |All India 201 7C]

A spherical ball of salt is dissolving in water in
such a manner that the rate of decreasing of the
volume at any instant is proportional to the
surface. Prove that the radius is decreasing at a
constant rate. INCERT Exemplar]

Given that the visible area 4 at height h is given
by A=2zr"

Feh

Water is leaking from a conical funnel at the
rate of 5em?/s. If the radius of the base of
funnel is 5 cm and height is 10 cm, then find the
rate at which the water level is dropping when

it is 2.5 cm from the top.

Water is running into a conical vessel, 15 em
deep and 5 cm in radius at the rate of 01 em®/s,
when the water is 6 cm deep. Find at what rate
is

(i} the water level rising?

(1) the water surface area increasing?
(iii) the wetted surface of the vessel increasing?

Water is dripping out at a steady rate of 1 emifs
through a tiny hole at the vertex of the conical
vessel, whose axis is vertical. When the slant
height of water in the vessel is 4 cm, find the
rate of decrease of slant height, where the

. . . . W
semi-vertical angle of the conical vessel is g
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plugged off to drain and L = 200(10 - f* How
fast is the water running out at the end of 55

and what is the average rate at which the water
flows out during the first 557 [NCERT Exemplar]

25 A carstarts from a point Pat time =0 s and

stops at Q. The distance x (in metres), covered

by it in ¢ seconds is given by x= 12[2- %] . Find

the time taken by it to reach Qand also the
distance Pand Q.

LONG ANSWER Type Questions
26 Sand is pouring from a pipe at the rate of
12 cm®/s. The falling sand form a cone on the

ground in such a way that the height of the
cone is always one-sixth of the radius of the
base. How fast is the height of the sand cone

increasing when the height is 4 cm?

27 An Airforce plane is ascending vertically at the

rate of 100 km/h. If the radius of the Earth is
rkm, then how fast is the area of the Earth

visible from the plane increasing at 3 min after

it started ascending?

On differentiating Eq. {i) w.rt.t, we get

a B d
dr 4 dt
-£-2-5-1 ['.‘xlEandE--i]
4 di

=103 cmifs.

2. (b} Let the angle between floor and the ladder be 6.
/ A:
&

&

VA

L ——

H

B
Let A= xc‘mandﬂ:[‘-_-,,u:m
ﬁnﬂ-iandfmﬂn-y—
500 50
= x = 500 sin & and y = 500 cos @
Also, d—xnll] cm/s
dt

=5 500 - cos H-%-lﬂ cmy's

i 10 1
— -
di  S00cos @  SDcos @
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A water tank has the shape of an inverted

right circular cone with its axis vertical and
vertex lowermost. Its semi-vertical angle is
tan™{0.5). Water is poured into it at a constant
rate of 5 m*/h_ Find the rate at which the level of
the water is rising at the instant, when the depth
of water in the tank is 4 m.

AKite is moving horizontally at a height of

1515 m. If the speed of kite is 10 m/s, then how
fast is the siring being let out, when the kite is
250 m away from the boy who is flying the kite,
if the height of boy is L5m?  [NCERT Exemplar]

Two men 4 and B start with velocities v at the
same time from the junction of two roads
inclined at 457 to each other. If they travel by
different roads, then find the rate at which they
are being separated. [NCERT Exemplar]

HINTS & SOLUTIONS

{c) Let the side of an equilateral triangle be x cm.
- Area of equilateral triangle,

A= %x’ i)

Alsa, E- 4 cmyfs
dr
Let 5 denote the lateral surface area, then
S=1rd
E- ﬂ[ﬁf + ri]
dit dt dt
= 73 2547 %(=3))
=S4 cmifmjn

(d) Let AB be the height of kite and DE be the height of
the boy.

F A
150 m| 151 5m
E
[1.5m H ""
o G B
Let DB= x = EC
dx
—=]10mfs
dt
Let AE = y
AB =1515m
AC = AB= BC

=]1515=15m=150m
AC* 4+ EC* = AE*  [by Pythagoras theorem]
=% 150° + x* = J.r!
On differentiating both sides w.r.t. x, we have

0+ Exﬂ- Ey—dz
dt dt
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For y = 2 m = 200 cm,

aa 1 10
— - [ —
dt sp.Y ¥
500
-in —rad/s
200

{a) Let r. [ and h denote respectively the radins, slant
height and height of the cone at any time . Then,

F=rtsht
2l
dt d
= J'ﬂ_rih'lﬂ
d dt ot [
=% Iﬂn?x3+24x{—4}|r-.-ﬂ--1acn:li-a-l B
dt {dr dt J
= :ﬂ--?s
dt
When r=7 and h= 24, then we have
I* =7 424"
=% | =25

Iﬂ = -75 = £ = -3
dit dr

Let r be the radius and V be the volume of the air bubble.
Given, r=1 cm, % = %fm.fs AL}
Volume of air bubble, V' = 4; ar’

On differentiating both sides wor.t. f, we get

ﬂ- s T {31'2} £- anr’ £
dr 3 dr dt
= A )l
di 2
= - =27 cm/fs [from Eq. (i)]
t
Hence, the volume of bubble is increasing at the rate of
2% cm? /s . when the radius is 1om. 14.
Suppose § increases twice as fast as its sine.
5 0 = 25in@
Mow, differentiating both sides w.r.t &, we get
di
s = Z:cos BJE
= Inifm-ﬂ:b%-cm-ﬂ
= EDE'B-{‘ME':E‘IE
3 3

50, the required angle u%

Let x be the length of an edge of the cube, ¥ be the
volume and S be the surface area at any time f Then,
Vex?and S =6x®. It is given that

= =8cmYs = %{r;} =5

{ ) -

e @)

xdx dy
= =y
dt dt
MNow,
xm q||y= ={1509* [when y = 250]
= 452500 = 2250
= /40000 = 200 m
200 %10 = 250 % E‘E
dt
d 2000
— =8
= dt = 250 =fmis
{a) Similar as Example 7.
Area of circle = rr?
ie. A=
ﬂ = 2ur
dr
dA
—_ 2m(3
& ] =m0
=énem’ fom
d . _ 3
= —{nr )=k
dt
= Iftr i = [
dt
= a ¥k i)
dr  nr
d d dr
Mow, . 2ftr)= I —
dr E{ y dt
=2 K % = % [from Eq. {i)]
Thus, EE o l
drr
Hence proved.
Let the volume of a cube be ¥ cm ¥
Then, we have
E =9 cm?/s
dt
and edge of cube, x =10 cm
Ve
OUn differentiating both sides w.r.L f, we get
d‘i’ 2 d.t'
—_— =iyt —
dt = dt
dx dc 3
=4 o= 3I=I == I- x_i

Also, surface area of a cube, 5 = 6x’

On differentiating both sides w.r.t. I, we get

£- IE,:;'E =12 X II:I."":i
de de x?

=12% 10 % =36 cm /s

10 10
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10,

11.
11,
13.

17,
18,

19,

1.

d dt 3x®
Nuw.E-ﬁ.rt
45 dx d5 &
= —wmi2y— —_— 2y N —
Tl TR " Fy?

45 3z [ﬁ] 2 ., B
= m__ o= | = —mfs=—omfs
dt  x dt ), . 12 3

dv
Hint d_ = 900 r:mj.Fs.
(]

i{‘!—j'trt] = 00
drl 3

= anr* 30 =000
dt

= i- e rﬂm.i:mfs-l
dt ame | r |

Similar as Example 7. [Ans. ¥ 30.015]
Similar as Example 8 [Ans. T 208)

Let r be the radius, A be the area and F be the perimeter.

Then, we have ;ﬂ = constant = k (say)
I

Similar as Example 4. [Ans. 224 tems |
Given, diameter of the balloon = %{EI +1)

. Radius of the balloon = m

-15[%{2:+1]i|-%[21+1}
For the volume V, the balloon is given by
3
4 , 4 [3 on .
V= 31-:{mdms}|3' = 311[1{?_1:4-1}] = E{E“”

For the rate of change of volume, differentiate w.r.t. x.
we get

LA g—nxj{zx +1f x2= ﬂ—n{zr +1)°

dx 16 8

Thus, the rate of change of volume is %Ex +1)%

Similar as Example S.I:A.ns_ (=2 —l}a::u:l[z, ;]]

Let the radius of spherical ball of the salt be r.
s Volume of the ball, 'I-'--';nr‘d'

and surface area, § =d4mr’

L = i[i'.l'lu'!] == 11-31'1 i- —4nr’ &
dr del3 3 dt dt
[here, we take negative sign because salt is dissolving]
According te the given condition,

%u 5 :Z—v = k5, where kis proportionality constant.
t I

= -47r

i-k-‘!nr!# ﬂ- -
dt dr

Hence, the radius of ball is decreasing at constant rate.

Let P be the perimeter and A be the area of the rectangle
of length x and width y.
Givern, I- = 5.cmymin,
[negative (=) sign for decreasing rate]
x -Scmj—{-‘! cmy'min and y = 6cm
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15. Hint i—t = k (constant)

da da k
gt = ——
= ar = ar 3a°
ds _d, 4 da
Mo, — = —{ha 12—
o di = dit ) dt

16. Given curve is y = 5x = 2x"and :{E = Zunits/s
[

Mow, slope nfﬂle:mre:r—yIE—ﬁxgnM[mﬂ

Rate of change of the slope,

aM I
—_— ey —
dr n‘r{ )
= ﬂ-—l?rd—x
d d
When x =3, then
%--12:{3:{2--?2“1'!!5
t

Thus, the slope of decreasing at a rate of 72 units/s.

21, Let AB be the lamp post and a man CID be at a distance x

from the lamp post and let CE = y be his shadow.
=]

X ¥
) dx &
Given that, — =6 km/h, AB=6 m=—— km and
dt 1000
D -zmnikm
1000
Here, ABAE ~ AIMCE

[ 1 ko = 106000 1m)

_.&]

AB AE
= f similar triangl
E‘D--E'E [by property of similar triangles]
L
— m-x'l-}':}j-x-i-y
2y y
1000
= Jy=x4+y = 3y=y=x= Iy=x
Omn differentiating both sides w.r.t. f, we get
dy _ dx
T p—
dt i
= 2D g [-.—dx
di di
= I!‘!—J'II-EIE-]r.mﬂ'h
dt 2

Hence, the shadow increases at the rate of 3 kmfh.
23. Letf and x as shown in the figure below.
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(i) Perimeter of the rectangle, P =2(x + y)
On differentiating both sides w.r.t. t, we get
dF dx R d_y}

Y —
di [dr di

= 2(=5 +4)= = 2 cm/min
5o, perimeter decreases at the rate of 2 cmy'min.
{ii} Area of the rectangle, A = xy
On differentiating both sides w.r.t. ¢, we get
dy dx
—_—f }I —_—
dt dt dt
=8x4 46K (=5 =132=30= 2 cm®*/min

Hence, area increases at the rate of 2 em™/min.

MNow, whmx-jﬂmﬂmentanﬂ-% [using Eq. (i)]

= mtﬂ-i

4
9
= fmcﬂ-Jl+cut=H-1‘1+E

-1
B
20- =2

16
Given that L represents the number of litres of water in
the pool. t seconds after the pool has been plugged off to
drain, then

5
-
+
-
—rad/s

di
~.From Eq. (ii), we get — =
q- (i), we g y T

24.

L= 200(10 = t)*

- Rate at which the water is munning out,
;E = = 200-2{10 = t)-{=1)= 400{10 = t}
t

[here, we take negative sign, because
the water is decreasing)
Rate at which the water is running out at the end of 53
= 400{10 = 5)= 2000 L /s = Final rate
Initial rate (at ¢ = D}-[%] = 4000 Lis
o il
Initial rate+Final rate

2
_-umn+znm

s Average rate during 55 =

= 300 L5

Hence, the water flows out during the first 55 with

average rate of 3000 L /s.

rﬂ-

3

25. Wehave, x = r*(:-%]. o

Let v be the velocity of car.

d
Then, ve L agr-r?
dr
dx
MNow, vEll=—=
dit
=  Ar=t" =0 = Hd=1)=0

=% t=0 or t=4
Thus. the car takes 4 s to reach at .
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Then, we have
dx
— Emf
dr = ¢
- In AABE, tanfl =2 i)
X
= ¥ =40cotd
dx 3. A8
= —_ - B)—
ot = 40(~ cosec ]dr
== 2-—1ﬂ:miﬂﬂ
t
= o =1 i)
dt 20 cosec® B
= Ve % % (6h)* h [-r =6k
- V-'ir:xa-ﬁhth-lznh’

On differentiating both sides w.rt. 1, we get

‘i_]"r-|2:'::-c?.hjﬁ-:il.nﬁfth*ﬁ
t dt dt
= 12-3&n[4]‘ﬁ
dt
=% ﬂ- = -—I cmys
di 36 xils 487

Hence, the height of the sand cone is increasing at the
rate of ﬁcm}s, when the height is 4 cm.

17. Hint Given, & =100 km/h, then find E
dt dt
Height of the plane after 3 min = lﬂﬂx% =5km
3
Ans. ml
(r+5)
8. Letrbe the radius of base, hbe the height at any stage and

V be the volume of water in conical funnel.
Here, the radins of base of the conical funnel is 5 em and
height of the conical funnel is 10 cm.

dv

@
[here, negative (=) sign taken for leaking of water)

5 cms

and h=10 = 25=75cm
Since, AABC ~ AADE
<D = o [by property of similar triangles]
m @& www.studentbro.in



Hence, the distance between F and (0 is the value of x

32
at ¢ = 4, which is ?m.

(4)
L - 4 R b —.
[ x = A4 .

26. Let rbe the radins. hbe the height and V' be the volume of

the sand cone.
_ dv 3 1
Also given that, d—-12 cm /s, h-Er
t
=4 r=&h and h=4cm
Volume of sand cone,
1
V=-murth
3
dh 4 1
=2 —_— G — W —
dt 5625
dh =M1 =Hx4 =16
= —_—= = = cmfs
di  mX5625 MX225 45%

Hence, the rate at which the water level dropping is
ifmi
457

29, Hint-- 3%
il

[ 1 1

{.."d‘l_'i. mcmh

{ii) Water surface area()at any time [ = 't
3
-1

[ﬁumpa:t [ij.E-E:rr- E]
r hk 3

da 2 dh

=5 —_— = h—

dt g9 dt
NW,[E] -ExﬁxL
dt Jy_. 9 40m

[ ﬁ- ﬁ from part {i]]

df
|:)’..I'L'i. 1+4i0 em?f s]

30

(iii) Wetted surface area(5) of the vessel at any time
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a4 52
[ p—

1 5
— = = lr=5 = r=hi?

r
Mow, we know that

1
Volume of cone = 5 mrth

. Volume of water in conical funnel
x
l’nlﬂ[ﬂ] che £h3
3 2 12
On differentiating both sides w.r.t. f, we get
ﬂ_ b dh n 5 dh

wih w —=— kT
dr 12 dr 4 dr

t dh
= -Gm (75 —
-1 @ dr

I n I3

0. Himtr -I:in%-; and h= lcos —= ——

3L

3L

e @)

.1 2

Mg

1
Ans. is
dt & dr [ . ;ﬁ:m

Hint Let r be the radius, & be the height, o be semi-vertical
angle of the cone and V be the volume of the cone.

i

4 =5mh and h=4m
dr

Giiven,

-

In AQAC, tan o -i = ¢t = tan™ [—]

-

But o = tan™ (0.5)
tan™ [L] =tan"' (0.5)=> r= E
h 2
- Volume of the tank is
2
Ve L nrih= Lﬂ[ﬁ] h I:.ulns. E m.fh]
3 3 N2 B8

Let CD be the height of kite and A8 be the height of boy, then
height of kite CD' = h=151.5m.
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r-mi-ng‘qlr’+h’ F c
Ko,
=TTt k 151.5m
A E
[
= 7 i _Dh- E ﬁhi ]_5 m
i 3 9
B D+
H
Mowr, E = anﬁﬁ };ﬂ —x .
dr 9 dt Let DB = x m = EA
a5 210 1 Since, the kite is 250 m away from the boy. 5o,
[_] = WAHM— AC = y=250m
dit Jihos 9 407 i
Speed of the kite, v = — = 10 myfs
Ans. E l!]II.ifS dt
30 From the figure, we get
EC =151 5=15=150m
In right angled ACEA, we get Since, A and B are moving with same velocity v, so they
AE? ¢ BCY m AL [by Pythagoras theorem] will cover same distance in same tHime.
3 » 2 ) Therefore, AABC is an isosceles triangle with AC = BC.
= x +(150) =y A}
. s . . Now, draw CID L AR
= x +(150) =(250) = ¥ = {ESUf = {lm}j Let at any instant t, the distance between them is AS.
=5 x? = (250 + 150} 250 =150) = 400 % 100 Let AC = BC = x and AB = y
— o= 20% 10 = 200 In AACD and ADCE, we get
On differentiating both sides of Eq. (i) wrt. t, we get LCAD = ZCHRD [-BC=AC = LA = 2H|
E‘E SCDA = ACDE = 900
2y-=—#0=1y 1
dt n ZACD=ZDCB or ZACD = - x ZACH
=% Eyad—'v =iy — 1
dt dt = LJACD= 3 X4 = LACD =225°
dt y dt s sin 225 = r
200 [ dx 1
=y 0= A mis L.Enll}th U L
x
Hen.ce. the required rate at which the string is being let — Y o vsin 225°
out is & myfs. ?
33. Lettwo men start from the point C with velocity v each at = y = 2x-sin 22 5°
the same time. On differentiating both sides w.r.r. t, we get
Y o 2sin 225 = 2.5in 22 v [-_--.--—]
dt dt dt

= 2»-—'2;J£- vﬂl‘.':—-uE l 5in22 5% = —"E;JE]

which is the required rate at which A and B are being
A D E separated.

I TOPIC 2|
Increasing and Decreasing Functions

Let I be an open interval contained in the domain of areal ~ Strictly Inereasing Function

valued function f A function f is called a stricdly increasing function in [,
ifx) <x;, = f[x.] ﬂ‘.f{xl} for all x;,x,€ ] The
INCREASING FUNCTION graphical representation of such function is given below
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A function F is called a increasing function in 1, if x| <x,
= flx;) £ f (x) for all xy, x; € J. The graphical
representation of such function is given below

¥

Sol We have, f(x)=3x +5
Let xy, xz € R such that x; < x;.
Then, x, < x,
= 3x, < 3r, [multiplving both sides by 3]

= 3x, +5<3x, +5 [adding 5 on both sides]
= flx )= filxg)

Thus, x, < x,

= flx )= flx, L ¥x,. x, e R

Hence, f(x) is strictly increasing on £

DECREASING FUNCTION

A function f is called a decreasing
function in {, 'fol <x,
Z&f{x]}Ef[xI]ﬁ:-ral]x].xlEf. ¥ ¥
The graphical representation of such
function is given below

¥

Strictly Decreasing Function
A function f is called a strictly !
d.ncrcasing function

in {, ifx; <x; = fx)) > f (x;) for
all x, , x, € I. The graphical
representation of such function is

given below

INCREASING AND DECREASING
FUNCTIONS AT A POINT

Let Xy bhe a point in the domain of definition of a real
valued Fum:tiunf. Thl:n,f 15 said to be increas: ng or stri.crl].r
:incn:asing, dl:crcasin.g or str'u:tl}r du:n:asing at xg, if there
exists an open interval / containing x,, such that fis

X X

increasing or strictly increasing, d:crcasing or stricely
d.ncrcasing respectively, in [
In other words,

£ ﬂ/ X
d

EXAMPLE 1| Show that f(x) =3x+5 is a strictly
increasing function on R.

EXAMPLE |2| Ifais a real number such that 0 <o <1
Show that the function f(x) =a" is strictly decreasing
on R
Sol We have, fix)=a", 0za<i
Let x,, x, € R such that x, < x,.
Then, x, <x,=sa™ >a'?
[-0<a<i, when x; < x,, thena™ >a*?]
= filx)> flx,), ¥x, x,ER
Hence, f{x)is strictly decreasing on R
FIRST DERIVATIVE TEST FOR INCREASING

AND DECREASING FUNCTIONS

To check or find that given function is increasing or
dl:l:rcasi.n.g. we use first derivative test as a theorem which is
giv:n below

Theorem Let [ be continuous on [, #] and
differentiable on the open interval (a, ). Then,
(i) fisincreasing in [a, 8], if f*(x) >0 for cach x € (a, b).
(i) f is decreasing in[a,&], if f"(x) <0 for each
x € a, bl
§TT] f is a constant funcrion in [a, #] , iff’{x] =10 for
each x € (a, £).

Proof (i) We can prove this test by using Mean Value
theorem.
Let xy, x5 €[4, #] be such that x; <x;. Then,

f is continuous and differentiable and f(x) >0, so by
Mean Value theorem, there exists a point ¢ between x| and
x5 such that

. 1 lxa) = fixy)
[f)=————
f X=X

= flo-fle)=fFk)lx;, —x)

= f{xg}_f{xl}}u [asf'{.r}}l]]
m & www.studentbro.in



(1) f 15 said o be INCTeasing at x = X g, if there exists an
interval [ = (xy — b, xg+ A), b >0 such that for all
xpxy€lixy <x; = flx) £ fla;)

(if) f is said to be strictly increasing ar x = xy, if there
exists an interval [ = (xy — b, xg + B), b > 0 such that
forall x, x; € [ x) <x3 = fla)) < flx;)

(ii) f is said to be decreasing at x = x, if there exists an
interval £ = lxg — i, x, + h), b =0 such thar for all
xpxp € fxy <xy = flxg) 2 fla,)

(iv) f is said to be strictly decreasing at x = x, if there
exists an interval £ = (xg — b xy+ B), £>0 such
that for all x), x; € [ x; < x5 = flx) = fix,).

EXAMPLE |3| Show that the function
f(x) = x* —6x* +12x— 1B is an increasing function
on K.
Sol We have, f(x)= xt=bx® +12x =18
On differentiating both sides w.r.t. x, we get
frix)=3x® =12x +1223(x" =d4x +4)
=3x=27 20 ¥xe R

Thus, f'(x)20¥xeR
Hence, f{x)is an increasing function on K

EXAMPLE |4| Show that the function f(x) = cos® x is

strictly decreasing on [D, %].

Sol We have, f{x)=cos’x
On differentiating both sides w.rt. x, we get

fix)==2Zcos xsinx -—si.uix{l]in[ﬂ, %]

[snze>om(0.]]

Henece, f(x) = cos?® x is strictly decreasing function on

(03)

EXAMPLE |5| Show that f(x) = log sin x is

= fixj=dvre [ﬂ, %]

(i) strietly increasing on (D. %] .
(Hf) strictly decreasing on [1. n].
2 [NCERT]

Sol We have, f(x)= log sinx
On differentiating both sides wr.t. x, we get
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= flxy) = fix)
Thus, x; <x,
= flo)< flx), Vo, x, €la, 6]

Hence, f Is an increasing funcuon in[a, £]
Similarly, we can prove other parts.

Note
{il f is strictly increasing in (2, b), if #{x) > 0 for each x & (&, b).
{ii] f is strictly decreasing in (g, b), if #{x) < 0 for each x & (a, b).
{iiij) A function will b= increasing (decreasing) in A, if i is 50 85 every
mtersal of R.
() If for & given interval ! g A, function f increases for some vaklues
in | and decreases for the other values in [, then we say function
s netther increasing nor decreasing.
WORKING RULE TO FIND THE INTERVAL
IN WHICH FUNCTION IS INCREASING OR
DECREASING
Suppose a function f (x), where x € R or (x € an interval) is
given to us and we have to find the interval in which it is
increasing or decreasing. Then, we use the following steps
I. First, write the given function f{x]. where x & & or
an nterval and then find f'[:x].

II. Put f'{x:] =0 and find the value {or values) of x in &

or given interval.

1I. Divide the number line (&) or given interval in which
x lies into disjoint sub intervals with the help of values

of x obtained in step I1.
IV. In each sub interval, check that f’{x] =~ [} or
fix) <0
(1) I £ (x) >0, then f{x)is smictly increasing in that
inrerval.
(ii) If £"(x) <0, then fix)is strictly decreasing in that
inrerval.

V. From step IV, we get those intervals in which
funcrion fl:x} IS Increasing or dﬂ:rl:as:ing. Iff{x] 15
INCreasing in some sub interval and dl:r:rc'.asjng in
some other sub interval, then in whaole interval or
number line, funcoon fl:x]l 1s neither Increasing nor
decreasing,

Note A sirictly increasing function is an increasing function but an
increasing function may or may not be sincily ncreasing (same &
true for decreasing function).

EXAMPLE |6| Find the intervals in which the function
f given by f(x)=4x® —6x* —72x +30 is strictly
increasing and strictly decreasing. Also, check on whole

real line. [NCERT]
Sol. Given, fx)=4x® =6x"=72x +30,¥xe R
On differentiating both sides w.r.t. x, we get
m @& www.studentbro.in



1

sinx

cos X

fix)=
= fi{x)=cotx

(i) We know that, for each x € [&, %} cotx =0

=% fix)=n
Sn, f(x) is strictly increasing in (0,7 / Z)

(ii) We know that, for each x & [% ;r:}

cotx <0 = f'{x)<0

S0, f{x) is strictly decreasing in [% 11:}

In the interval (=2, 3), f(x) =<0
[asat x=1e (=2 3 {x=3)<0 {x + 2) > 0so0,
(x=3){x+2)<0]
= fix) iz strictly decreasing in (=2 3).
In the interval (3, =), f'{x)=0
[asat x =4 (3, e {x=3) =0 {x + 2) > 050,
(x=3Wx+2)=>0]
= filx)is strictly increasing in (3, s}
Since, the function f{x) is strictly increasing in
(= o, = 2)and (3 =)and strictly decreasing in (=2, 3}, so
[ is neither increasing nor decreasing in £

frix)=12x" =12x =72
On putting f"(x) =0, we get

125 =12 =720 = 12(x’ = x =6)=0
= 12{x=3){x + 2) =0 = x =3 =2

We have, x = = 2and x = 3, which divides the number
line into three disjoint sub intervals.

2 0 3
Thus, we have sub intervals [ =oo, = 2], (=2, 3} and (3, =)
Mow, check that f(x)=0or f(x)<0
In the interval {(=co, = 2}, f'{x)>0
[asaty = =4 & (=oo, =2} (x=3) <0 |
| (x+2) <0 so{x=3)(x + >0 |

= f(x)is strictly increasing in (=0, = 2).

Jl'"{,t':lnjmi--I-Er.vr--ﬁ-;t'2
P E

==y 4 2 x=13)
(i) For f{x)to be increasing, f{x)=0

= -6(x+2){x=3)20
(x+2){x=3)%0
= -2£x<3

Hence, f{x) is increasing in [2, 3]
(i} For f(x)to be decreasing, f{x)=0

—&(x+2){x=3)50

(x+2){x=3)20

EXAMPLE |7| Find interval(s) in which the function =3 xE—2orx2}
- Hence, f{x) is decreasing on (= ve, = 2] s[3 eo).
flx)= sin x +cos x, x€ [D. E] is strictly increasing or

decreasing.
Sol Given function is f{x)=sin x + cos x
On differentiating both sides w.rt x we get
fix)=cos x =sinx

TOPIC PRACTICE 2.|

OBJECTIVE TYPE QUESTIONS

Put f{x)=0
= cos x=sin x =0 1 The interval on which the function
= tan x =1 flx) =22 + 92 + 12x = 1is decreasing is
= x=le [11 5] [NCERT Exemplar|
P (@-L=)  B-2-1 ()(-=-2 @-11]

Mow, Edhﬁdes the interval [&. %] into two sub intervals 2 Ify=x(x- 3)* decreases for the values of x given
(D,E] nd [E n by [NCERT Exemplar]

3 1 2 (a)l=x =3 (b} x <0

- + — - (c)x =0 (d) 0 =x {E

a xld nf2 2

3 The function flx)=tanx=-x [NCERT Exemplar]

(a) always increases
(b) always decreases

In interval [l], E] COE X = Ein Y

s cos X = siny >0
= filx)=0 (c) never increases

So, f(x)is strictly increasing function :in[ll. %} (d) sometimes increases and sometimes decreases

4 The function f(x) = 4sin®x = 6sin®x + 12sinx

nn R .
In interval [T E} CO8 X < 5l X + 100 is strictly

- w

e @)

Get More Learning Materials Here : & @& www.studentbro.in



Get More Learning Materials Here : i

L
CoE X = 5in x =< 0

flix)=0
So, f{x)is strictly decreasing function in [% %]

=

EXAMPLE |8| Find the intervals on which the function
flx)=5+36x + 3’ —2x” is
(i) increasing.
Sol We have, fix)=5+36x + 3x® = 2t
On differentiating both sides w.rt. x, we get

VERY SHORT ANSWER Tvpe Questions

6 Show that the function given by f{x)=7x = 3 is
strictly increasing on R. [NCERT]

(ii) decreasing.

13

7 Prove that flx)=ax + b, where a and b are
constants and a > 0 is strictly increasing function
for all real values of x without using the
derivative.

19

20

8 Show that f (x) = xis strictly decreasing in
(= o=, 0).
9 Provethat fix)= 3 + 715 strictly decreasing for
X

xeR,(x =D)L

SHORT ANSWER Type [ Questions 22

10 Show that the function f defined by
flx)=(x =1)e" +1is an inereasing function for
all x = 0. [Delhi 2020]

23

11 Show that the function fgiven by
Flx)= x®-3x?+4x xeRis strictly increasing
on R [INCERT]

12 Let I be an interval disjoint from (=1, 1). Prove

that function f{x) = [x * l] is strictly increasing
x

on i,

13

Show that the function f{x) = X * Edecre ases in

the intervals (=3, 0) w (0, 3). [Delhi 2020] 24

14

Show that the function f given by
flx) = tan™"{sinx + cosx), x > 0is always an

strictly increasing function in [ﬂ, 1}
4 [NCERT]

15 Show that f(x) =

2

- . n
—— % increasing on | 0, —
sinx

e @)

(a) increasing in []‘l’, %] (b) decreasing in[%, ]'[J

T ,%} (d) decreasing i|1['lf.l'1 %]

2

(c) decreasing in

Which of the following functions is decreasing

an [ﬂ, %]” [NCERT Exemplar]
(a) sin2x (b) tanx
(c)eosx (d) cos3x

Show that fora =1,
fix) = J3sinx = cosx =2ax + bis decreasing in R.

[NCERT Exemplar]
Show that f(x) = 2x + cot™ x + log(y1 + 2% - x) is
increasing in K. INCERT Exemplar]
Find the intervals on which the function
flx)=(x= 1]3 {x = 212 is strictly increasing and

strictly decreasing. [Delhi 2020

Find the value(s) of x for which y =[x (x =2} is
an increasing function. INCERT; All India 2014]

Find the interval in which y = x%¢ ¥ is

increasing. [NCERT]

Find the intervals in which the following
functions is strictly increasing or strictly
decreasing. (Each part carries 4 Marks)

(i) flx)==2x%=-9x% =12 x + 1 {NCERT; Delhi 2011
(ii) f(x)=2x®-3x2—36x+7
(i) flx)=mext-2r2 2,2, 385y

0w 5 5 |All India 2014C)

{iv) fix)=32* - d4x3-1222+ 5

1All India 2017C)

[Delhi 2014

(v) f{:.}:sin"’.: +costy Dy 55

Find the intervals in which the following
functions is increasing or decreasing. (Each
part carries 4 Marks)
, dsiny -2x -xcosx
(i) flx)=

24 cosx [NCERT]
(i) flx)=s" —uT]
(iii) flx)=x+ 5 x 20
X
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SHORT ANSWER Tvpe 11 Questions

16

17

25

26

Which of the following functions are strictly

decreasing on [D, 1} (Each part carries 4 Marks)
2 [NCERT]

(il) cos2x

{iv) tanx

(1) cos x
{iii)} cos3x
Prove that the function f given by

flx) =log{cosx) is strictly decreasing ﬂn[l], %]

and strictly increasing on [E, n}
2 [NCERT]

Prove that the function §f defined by

flx)= x* = x +1 is neither increasing nor

decreasing in (=1, 1). Hence find the interval in
which fix), is

(i} strictly increasing. (ii) strictly decreasing.

Prove that —— « log(l + x) = x for x = 0.
I+x [Delhi 2014]

LONG ANSWER Tvpe Questions

27

28

29
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Find the intervals in which the function f given
by flx) =sin x +cosx, 0 < x = 2xis strictly
increasing or strictly decreasing.

INCERT; Delhi 2017C, 2010]

Find the intervals in which f{x) = sin 3x =cos3x,
0= x < m, is strictly increasing or strictly

decreasing. [Delhi 2016]
Prove that y = ﬁ-ﬂ is an increasing
2+ cosh
funetion of ® on [{'_I, E].
2 [All India 2016

HINTS & SOLUTIONS

(b) We have, f(x)= 2x* +9x" +12x =1
frix)=6x® +18x +12
=6(x" +3x + 2)
=6{x+ 2 x +1)
S0, f‘[x}gn,fur decreasing.
On drawing number lines as below

e, - e
-2 -1
We see that f(x)is decreasing in [= 2 =1].

e @)

(iv) flx)=x" x=0
(v) flx)=2* =Bx¥+ 222° - 24x+ 21 |a]] India 2012

(vi) filx)=(x=1)*x=-2) |All India 2011]
(wid) flx)=2x%+ 9x2+ 122+ 20 |Delhi 2011]
(viii) flx)=2x3=9x?+12x=15 |Delhi 2011]

(ix) flx)=x*=2x7
(%) fix)=2log [x=2)=2" + dx+1

(xi) f(x)= %

f'{x}-mix—lﬂf’{szﬂ.'ﬁ' xe R
5o, f (x)always increases.

(b) We have,
fix) = 4sin” x=6sin® x + 12sinx + 100

f'{x]-lEsm!x-cursx—I:Esin.rw.:usx+I2r.:|:h5x
=12[sin® x-cos x = sin x-cos x + cos x]
=12cos x[sin® x = sin x + 1]
#f’{x}nlﬂcmx[sinix+{1—sinx}] .-{i}
1 =sin x 20 and sin® x 20
sosin'x +1=sinx 20
Hence, {(x) >0, when cos x>0 ie, IE[—%, %}

5o, f{x)is increasing when x € [—% %]

mdf’{x}-:&.whenfmx-:ﬂia.xe[%, 32—“]

Hence, f{x)is decreasing when x € (% 3?11]
Since, [E :l'I:]E [E 3—1]

2 2 2
Hence, f{x)is decreasing in [% :I'I!}

(c) In ﬂleintewal(ll %]. fix)=cosx
= flix)= =sinx

which gives _f’[x}-:l]in{ll %]

Hence, f{x)= cos x is decreasing in [ﬂ. %]

6. Here, f(x)=7T>0Vxe R

- f is strictly increasing on
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2. (a) We have, y = x{x = 3)° 7. Letx, x,e R
Mow, consider x, < x, = ax, <ar,

[multiplying both sides by a as a = 0, given]
= 2x% mfx # xT #9=bx = ax, +b<ax,+h [adding F on both sides]
= flx )= filxg) [ flx)=ax + b]

Thus, Xy X,

f'i—l- e Hx =31+ (x =131

=ix =12x 49

m3{x? =3x = x +13)

=3 (x=3)x =1) = flxg )= fixy)
Hence. f is strictly increasing on R

+ L - 1 +I|
i 5 8. Here, f'(x)= 2y <0%¥x & (=o,0)
So, y = x(x = sz decreases for (1, 3). - f is strictly decreasing function in (= o, 0}
[since, y* <0 for all x = (1, 3} hence y is decreasing on 9. Given function is f(x) = 11. T.x el
i1, 3)] x
3. {(a) We have. f(x)=tanx = x = _f{x]-lx" +7
On differentiating both sides w_rErt X, we get Clearly, sin’x>0 ¥re [ﬂ' E}
frixy=3(=1)x™ +0=—<0,¥xe R={0} 2
'y MNow, fixizo
=~ fix)is strictly decreasing for x e R, (x 2 0} = sinx-=xcosx=0
Hence proved. — T
10, Wehave, flx)=(x—1)" +1 = tan x > x,
On differentiating w.r.t. x, we get which is true. ¥x € [ﬂ' E}
friix)=(x=1)" +¢* 2
frlx)= xe” Thus,f’[x}aﬂ.v:ce[u. 1}
For all r=0= f(x)=>0 2

= flx)is an increasing for all x >0

.. . n
. Hint f'{x)=3x" =6x +4=3x =20 +1)+1 Sﬂ‘fmmmmmgm[ﬂ?]

2
=Hx-1f +1>0¥xeR 6. Hint Fmd%andmwhichissmaﬂel Lh.a::l.ﬂin[ﬂ.%}
. 1
I2. Wehave, f(x)=x + ;E"“d I=R={=11) [Amns. (i) and (i) are strictly decreasing]
==, = 1] [L, ] 17. Similar as Example 5.
Clearly. f'{x]-l—L- xt =1 18. t'_’riven,furaEl,f{x]-ﬂf;sinr—cmx—2'.11'_1'+b
x* x* On differentiating both sides w.r.t. x. we get
}'D‘:’.IEI . f‘{xl-ﬁmiﬁf-{-mr}-zﬂ
[ox" >l ¥ xeland x" =120% x &[] --\.Irgmsx-i-si.nx-ﬂa
Hence, f{x)is strictly increasing on I N
|
13. Given, _,|"|:.l:}-%+i -E[T-fmx+3-ﬂnxi|—2a
X
. 1 3 . =9 [multiply and divide by 2]
=% - - —
f Lx)= 3yt =l'r (x) = 3x? = Elcm%acm X+ 5in£asinxT— 2a
]

When xe (=3, 0)w(0,3)
frix)=0
o flx)is decreasing function in (= 3, &) {0 3L
1

"
= 2cos [?— x] - 2a

[veos (A= B)=cos A:-cos B+ sin A -zin H]

14. Here, f* - — = s
e ‘Ir {x) 1+({sinx + cos x}2 (ens x =cin x) = EI:"I'E [E-I]-ﬂ]
1.3
- {cos x =sin x) We know that, cos x€[=L1]anda =1.

1+ (sin x + cos ;r]i

- Fl . -
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15.

20.

1.

Cos X =sin x>0
COE X = &in X

ar —i}ﬂ
1+(sinx + cos x)

= Flx)=oy IE[& %]

Hence. f{x)is strictly increasing :i.u[-ll %] .

We have, f{x)= L
sin x

sinx:l =x:cos x
f'{xj-*
sin” x

SN X = X008 X

=

= sin” x
Given function is f{x)={x =1 x =2)5
On differentiating w.rt. x, we get
Frlx)=dx =1 (x =2)" + 2Ax = 2)(x=1)"
=(x =1 (2= x)(&=5x)

+
|

sign scheme

of —e
w 1 #s 2

For strictly increasing f*(x) = 0, we get
positive °(x) in the :intenra[[—n-c-, E]U{Z ]
and for strictly decreasing 7 x) < 0, we get
negative f{x)in the intenra[[g, 2}

Given, y =[x (x = 2 =[x* = 22]°

On differentiating both sides w.r.r. x, we get
dy 2 d 3
e [l oy
dx =2 %) dx (x %)

= 2t = 2x)(2x = 2)m 2 2x" —fx? +4x]
=4ax? =3x+ 2] =mdx{x=2){x =1}
dy
On putting — =0, we get
P g . E
4x{x =2)(x=1)=0 = x=01and 2

— o

a 1 2

These values divide the real line into four disjoint
intervals (=, @), (0, 1), (1. 2} and (2 o).
In each interval, nature of wx)is given below

Intarval Sign of f(x) MNature of y({x)
(== ) (=)= =)=—ve

0.1 )=+ e

Strictly decreasing
Strictly increasing

(.23 )+ =—ve Strictly decreasing

Eoe] () )=+ve
Therefore, y(x)is increasing in (0, 1) and (2, w)

Strictly increasing
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19,

e @)

Hence, f(x)is a decreasing function in &

1+ 2t i 1+ 2x® = of1 + «*
Hint f{x)= ri - = =

142" i x? 14 x
MNow, f{x)Z0

1+2xi—‘\|ll+x=

=» B ———d

1+ x?
= 14 2x% 2 1 4 x°
= 1+dx) #dx =1+ x°
=8 4xt +3xt 20

which is true for all x€ R
So, f(x)z0¥ xe R

The points, x = = 2 and x = = 1 divide the real line into
their disjoint intervals(— «, = 2),{= 2 —1)and{—1, =}

—c -3 -1 oo

The nature of function in these intervals are given
below

Sign of f{x) )
Interval Nature of function
F{x)=—6 (x+2){x+1)
[==-2) {--)-)=(-)=0  Brictly decreasing
-2 -0  (=#-)=(+1=0 Strictly increasing
(=1, =3} —i+h+i={-1=0 Strictly decreasing

Hence, f{x) is strictly increasing in the interval
(=2 =1)and f{ x)is strictly decreasing in the interval
(= o, = 2 =1, =)

(i) Similar as Example &.

[Ans. Strictly increasing in (=oe,=Zjii{3 o0} and
strictly decreasing in (=2 3)]

3 4 B6x
(i) Given, f(x)= —ux‘ -Ex-"'-:*.xz r 11
1

On differentiating both sides w.r.t x, we get

12zx* iz’ W6
(x)m—— et _gx+—40
'r{ ) 10 5 5
Put  f"(x)=0
12x? 12at 36
- x4+ —=0
10 5 5
G =12x" = 30x +36
= =0
5
&
= x=2xt=Sx+6m0 |:r.l.i1.'i4:|.r:b].' T]
5
= (x=1){x*=x=5)=D
= (x=1)x+ 2 x=3) =0
== x=1=0
ar x42=20 or x=3=0
x==213

an we find the intervals in which f{x) is strictly
increasing or strictly decreasing.
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= O<xy<land x> 2

22, H.int%- - x(x - 2}.5131\-‘!%30. [Ans. [0, 2]]

23, (i) Given, fix)==2x? —=0x? —12x +1
On differentiating both sides w.r.t. x, we get
Frlx)==gx® =18x =12
= Filx)m=6{x" +3x + 2)
= f‘{x]--ﬁ{x=+2.1'+x+2}|
=[x (x+ 2)+1(x + 2]
==gx+ 2)(x+1)
New, put f*(x)=0
= =Gi{x+ 2 (x+1)=0
== x=me= =]
(iv) Similar as part (iii).
[Ans. Strictly increasing {=1,00.0(200) and strictly
decreasing (=oo, =1)(0, 2)]
(v) Given, f(x)=sin* x + cos*x, x€ [& %}

On differentiating both sides wort. x, we get
f"[x}--tsinix cos x + 4 cos *x (=sin x)

[by chain rule of derivative]
=4s5in” xcos x =4 cos®xsinx
==4sinx cos x (cos’ x =sin® x)
== 2g5in 2x cos 2x

2

[ cos 2x = cos® x = sin® x andsin 2x = 2sin x cos x]

= =gin 4x

Mow, put f(x)=0 = =sin4r =0 = sin4x =0
= 4x =0, @T,2%°, ... ['.‘xE[ﬂ. %]#-H'E[ﬂ. El't]]

b1 " n
== x=—=agz=£|0 =
4 4 [ 2:|

The point x= n/4 divides the interval | 0, %] into two

disjoint intervals [ll. %] and (E 1}

42
R
4 2
The nature of function in these intervals are given
below
Test Sign of f{x) )
Interval o Fx)= - sind x Nature of function
P = my_ . dm
lll'. :] X = F[E}_ EII'I?

=-ain2?"=-§-:n Strictly decreasing

o o5 -3
=-[—£]=£:»D Strictly increasing
2 2

Sign of '(x) Mature of
Frx)=(x—T)[x+2)x-3) function

E=—2] HER=-)<0 Strictly
decreasing

Interval

2.1] ) H)=(+)=0 Stricily increasing

[.3] FiFH =<0 Strictly
decreasing

Stricily increasing

[3. =5 [#) [+ {2) =(=)= 10

{a) f{x)is strictly increasing in the interval
(=2, 1) (3, =)

(b} f{x) is strictly decreasing in the interval
[=oo, =201, 3L

Un differentiating both sides w.rt. x, we get

f {I}-i{ (2% cos x)*

{2+ cos x)cos x —sinr{ﬂ—sjnx}} 1

-4{21:05 x+cn.sﬂx+sinix}_l
(2+ cos _1'}2
[-cos? x +sin® x =1]
Bcos x + 4
=

=1
[2+ oos .11']2

- Boos x +4 =2+ cos x)*
{2+ cos x)*

- Boos x+4 =4 =cos® x=4c0s x

{2+ cos x)*
4008 X =Co8 X
(2+cos :u'}2
o oS x4 =cos x)
{2+ cos x)*
We know that, =1 < cos x £1

=4 4=ros x >0and (2+cos x)* >0
(a) For f{x)to be increasing,
F{x)z0 when cosx =0

[ cos x is positive in I and IV quadrants]
Thus, f{x)is increasing in the interval
(D. x| o |_311:' En}
2]z
(b} For f(x)to be decreasing,
frix)<o when cos x <0
[ cos x is negative in II and III quadrants]

Hence, f{x)is decreasing in the interval [% 3-?1!}

(i) Similar as Example 8.
[Ans. Increasing in [1, eo), decreasing in (= oo, 1] ]

{iii) Similar as Example 8.
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S0, f{x) is strictly increasing in the mtenral[; %] and

f () is strictly decreasing in the inte'rval[ll. %]

45Ny = 2% = X C08 X

24, (i) Given, f(x)=

I4cosx
- 45in x = x( 2+ cos x)

24 cosx
4sinx  x(2+ cosx)
24 cosx 24 cos x
4s5in x
2+cnsx-

(vi) Similar as Example &
Ans. Increasing in (=, 1] U[I, %] [ 2 we), decreasing

]

{vil) Similar as Example 8.
[Ans. Increasing in (=, Z] i [=1, «o) decreasing in
[-2=1]]
(viii) Similar as Example &.
[Ans. Increasing in (= 1]1[2, 0o} decreasing in
1,2
(ix) E.Simj]l]a.l as Example &
[Ans. fi{x) is increasing in [=1, 0] 1, »] fix) is
decreasing in [=e, =1]w [0, 1] ]
(x) Similar as Example 8.
[Ans. f(x)is increasing in (2 3], f{x) is decreasing in
[3, wo)]

(xi) Hint f(x)= ——
log x

, logx =1
fix)= {hgr]i L xrel
Mow, f{x)z0 x=zeand f{x) =0 xe(l e]={1}
[Ans. f{x)is increasing in [e, ), f{x)is decreasing in
(0. e] = f1}]
15, Hint f'{x)= 2x =1, which iz both positive and negative
in (=1, 1).
Hence, f(x)is neither increasing nor decreasing, further

proceed as Example 6.

[.m 0 [12 1] {ﬁ’(' - %]]

26. Let f(x)=log (1 + x) - ——.
1+ x
1 1 X

Then, f'(x)= - =
m £1x) T+4x (1+x) (1+x)

s >0for x =0

Get More Learning Materials Here : i

[Ans. Increasing in x =1 or x =1, decreasing in
-15xx1]

(iv) Hint Let y=x", log y = x logx
dy

1
= —=mx(l+logx)=0 =x=—
e {1+ logx) -

|:Anm Increasing in [i “’] decreasing in ['1 ﬂ]

(v} Similar as Example &
[Ans. Increasing in[1, 2] iL/[3, =) and decreasing
in (=0, 12 3]

Also, gl0)=0
Mow, x>0= gix)> g0}
= gx)=>0 [ glo)=10]
= [x=log(l+ x)]=0
x> log (i + x) i}

From Eqggs. (i) and (i}, we get

Lae:1-5|ng{1+.u'jl--:;t'I'||:|r.z":--I:|'
1+ x

27. Similar as Example 7.

{Am. fis strictly increasing in the intervals [ﬂ%] and

[?Tn En]. and f is strictly decreasing in the interval

22

28. Given, fi{x) =sin 3x = cos 3x, 0 <x <10
On differentiating both sides w.r.t. x, we get
f{x)=3cos 3x + 3sin 3x
On putting f*(x) =0

= gnix=m=rcos 3y = tanix==1
In Tn linm
=» JxeEe— — —
4 4 4
[~ tan® is negative in II and IV quadrants]
fi T 11x
= r=—_— —
4 12 12

Mow, we find intervals and check in which interval
filx)is strictly increasing or strictly decreasing.

f = i of
Interval - Testvalie 3 icos 31: 1 sin 3x) S;E;;:
D:x{% “I=% El[cmg+sin§] + o
=3(0+1)=3
m @g www.studentbro.in
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Since, f(x)>0 ¥Yx>0and f(0) =0 it follows that
fix)is increasing on (0, =)

Mow, x =0 = fx)> fii) = f(x)>0 [~ flo)=a0]

log (1 # x)= —— |>0
== [ug[-l-x] 1+xi|:‘

log(1 B
= logll+x)> —— (i
Again, let glx)= x = log(l+ x),

1

then g’{x}-[l-m]-1+x}ﬂ[orx>ﬂ

MNow, g'(x) >0 ¥x>0and g'(0j=0

gl x)is strictly increasing on (0, =)

While f(x) -:uinEc X ?—nandﬂc X < T
4 12 iz
: = . : . TR
5o, f{x)is strictly decreasing in the intervals [T —2]
1

4 sin B
2+ cos B
On differentiating both sides w.r.t. 8, we get
£ (8)= {2+ cosB)i4 cos B)=4 s;nﬂ'{ﬂ—smﬂ}_
(24 cos B)

29. Lety= f(l)= -

1

[by quotient rule of derivative]

-Sms O +4cos0 +4sint0
(24 cosB)?

- Bros O +4 _
(2 + cos B)°

| TOPIC 3|

Maxima and Minima

[-sin®0 + cos®8 =1]

Here, we will use the concept of derivatives to calculate the
maximum or minimum values of vanous functions. We
will find the turning points of the graph of a function and
then find points ar which the graph reaches its highest
(or lowest) locally. Also, find the absolute maximum and
absolute minimum of a function.

Maximum and Minimum
Values in an Interval
Let f be a function defined on an interval [ (Le. [ s the
domain nff}.
(1) Maxi

n .

um Value of a Function A funcrion f(x) is

F o= . ‘

e @)

1‘:!{_ ﬁ.lx:l 3icoe & + sin ) — e
4 1 3 =3-1+0)=-3
?!{: ”—ﬁﬁ.l —3! :1::|:|E=ﬂ+5.iig—:l e
12 12 4 4 4
={i+i}=3’£
N yen mx=20 E[E:I:E—+E.I'IE‘H!} -
24
=0

Here, we mthatf'{x]bﬂ.furﬂ-:x-:%and

i—:d x« 11'—; so f{x)is strictly increasing in the
intervals [ﬂ.i] md(?—n ]ﬂ]
-+ 1z 12
-afmﬂ+1—4—msiﬂ—4 cos @
(2+cos @)
- 4cosfl =—cos® @
(2 + cos B)°
_cnsﬂ{-i-::m a)
(2+ cos )
R,EJ.xE[ﬂi],MH
2 {2+ cos B)°
= f'{a::z-avae[a %]

Therefore, f{#) is strictly increasing in [l]. %} Also, the
given function is continuous at@ =0and & = E
Hence, f(i) is increasing in[ﬂ, %]

Hence proved.

or minimum value in the interval. Then, f{r:} 15
called the extreme value uFf in thart interval and ¢ s
the extreme point.

Note Graphs of certain particular functions help us to find maxdmum
wElue and minimum value at a point. Also, from graph, we can find
masdamum{minemum walue of a function at a point at which it is not
even differentiable.

EXAMPLE |1| Find the maximum and minimum values
of f, if any of the function given by fix)=|x|. x€ R
Also, find the maximum value in [- 2, 1].

Sol Wehave, f{x)=|x|
Its graph is given below
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said to have a maximum value in £, if there exists a
point ¢ in interval /, such that fic) > f(x) for all
x € [.Here, the number fl:r:] 15 called the maximum
value of f in I and point ¢ is called a point of

maximum value uff in{.

Minimum Value of a Function A funcoion f{x} is
said to have a minimum value in £, if there easts a
point ¢ in interval f, such thae f[:c] {f(x] for all
values of x in { Here, the number fl:f] 15 called the
minimum value of £ in [ and the point ¢ is called a
point of minimum value of f in [.

Extreme Value of a Function A funcnion f{x} 15 said
to have an extreme value in £, if there exists a point ¢
in interval £, such tharf{r:] is erther a maximum value

(i)

(i)

IMPORTANT RESLILTS

(i) Every monotonic function, ie. either increasing or
d:cn:asin.g funcrion assumes its maximum/minimum
value at the end points of the domain of the function.

(ii) Every continuous funcrion on a closed interval has a
maximum and a minimum value.

c.g. L-:rfl:.r}= x, x (0, 1). In (0, 1), f{x}hasm:ith::r

the maximum value nor the minimum value, If we
include the points 0 and 1 in the domain, ie. if
domain 15 [0,1], th:nf{x] = x has minimum value 0
at x =0 and maximum value 1 at x =1L
Hote I a function f defined on an interval I, then following possibilities
are arises
{i) t may attain the maximum wvales &t 8 point in | but not the
mimmaum value at any point in .
(i & may attain the minimum value at 8 point 0 | but not the
masimum value at any poant in L
{iiij it may aitain both the maximum and minimum values st some
point in [
() It may not attain both the maximum and minemwm values at anmy
poant in L

LOCAL MAXIMA AND
LOCAL MINIMA

Consider points P,0), & and § on the g;rnph. at which the
tunction changes its nature from decreasing to increasing or

PICE=-eTRIL

— . " oo a 5 - u

These points may be called turning points of the given
function. At turning points, the graph has either a little hill
or a little valley. Here, the points P and £ may be regarded as
points of local minimum value or relative minimum value
and points () and § may be regarded as points of
local maximum value or relative maximum value for the

function.

st peapras s maress o
¥

3
2
1

x
- -2 19
¥

X
2 3

Here, fix)=0, ¥x & Rand f{x)=0if x =0

- Minimum value of f{x)=0 at point x =0

Also,  has no maximum value in K so no point of
maximum value in £ Now, if domain of f =[=2 1]
then maximum value of f is|= 2| = 2 and minimum
value is 0.

Note Here, function f{x) is not differentiable at x = 0, but minemum
value exist.

value f(c) is called the local maximum value (or
relative maximum value) u['-f._

(i) ris called a point of local minima, if there is an b >0
such that f{c) < f(x) for all x in (¢ — b,c + h). Here,
value f () i1z called the local minimum value (or
relative minimum value) uFﬁ

GEOMETRICAL INTERPRETATION

(i) Suppose x = ¢ is a point of local maxima of f, then the
g;mph uffa.mundr“dﬂbcas shown in Fi.g. (1).

¥

I":[L'.‘] =0

¥y

" Fg.)

(1) Similarly, if ¢ is a point of local minima of £ then the
graph of faround ¢ will be as shown in the Fig. (u).
¥

Thus, the nature fo in intervals 15 given below

Intarval fim Fig. (i) f in Fig. (i)
E-hc) incraasing decreasing
[ie. f{=)=00 [i.e. F=) <0
[c.c + h) dacreasing increasing
[ie =)< 0] [ie Flx) =0
 cucere @) @ www.studentbro.in
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The local maximum value and local minimum value of the
function are referred to as local maxima and local minima,
respectively of the function.

Definition Ll:rf be a real valued funcrion and ¢ be an

interior point in the domain of f, then
(1) cis called a point of local maxima, if there isan b >0
such that f{r:} > f{x} for all x in (c — b,c+ &), Here,

Theorem 2 {First Derivative Test) Lc‘tf be a function
defined on an open interval [ a.ndf be continuous at a
critical point ¢ in [,

(1) |ff'|:x} cha.ngﬁ sign from positive to negarive as x
increases through point ¢, ie. if f(x) >0 ar every
point sufficienty cose to and to the left of ¢ and
flx) <0 ar every point sufficiently close to and to
the ri.ﬂ'tt of ¢, then ¢ is a point of local maxima.

(i) If f'(x) changes sign from negative to positive as x
increases through point ¢, ie. if f{x) <0 at every
point sufficienty dose to and to the left of ¢ and
f(x) >0 at every point sufficiently close to and to
the right of ¢, then ¢ is a point of local minima.

(iii) If £ (x) does not change sign as x increases through c,
then ¢ is neither a point of local maxima nor a point
of local minima. Infact, such a point is called point of

inflection.
Paoint of
Y+ |ocal maxima Point of non-differentiabdity
Fieqh=10 &and point of local mexima
_.P —_
&

Point of non-differentiability,

2

T : but it I8 a point of
p : P local minima .
o o / c C3 Gy
Y Point of local minima
Mote

{i) f c iz a paoint of local madma of £, then fic) & a local maximum
value of f. Similarly, if ¢ is a point of local minima of | then fic) s
a bocal minimum value of f.

{ii) Condition for a point to be a point of inflection of a function: A
function f{x) has one of its points x =c as an inflection point, if
(&) fic) exists
B Mg <0ifx=candfix=0ifxzc

o M0 fex>candfzj<lifx<c

WORKING RULE TO FIND LOCAL
MAXIMA/MINIMA BY FIRST DERIVATIVE
TEST

e @)

Thus, this suggest that f(c) must be zero.

Some Important Theorems

Theorem 1 Let £ be a function defined on an open interval
I. Suppose ¢ € I'be any point. If § has a local maxima or a
local minima at x =¢, then either f’ c)=0 Drf 15 not

differentiable at c.

Mote The converse of above theorem need not be true that is a point
at which the derivative vanishes need not be a point of local maxma
o ool minima, e.g. I f{x) = 2 then £z} = 2x* and sa (0} = 0. But

0 is neither a point of local maxima nor a point of local minima.
Critical Point A point ¢ in the domain of a function fat
which either f’l:r] =10 Drf 15 not differentiable, is called a
critical point of f. If f is continuous at point ¢ and
f'{r:} =0, then there exists an b >0 such that f is
differentiable in the interval (c — b+ b

Sign of Matura of
Values of x £(x) point
Closstoa fto the nght of a =0 Leszal minima
and to the left of a < 0
Closatob iotharnghtofb =0 Lozal maxima

and to the left of b >0

IV. Now, find the local maximum or minimum value of
function by putting corresponding point in given
function in place of x.

Mote If we get two or more than two cnical points, then for making
abowe Step l easier, we can divide the real number ling into intervals
and then check the nature of function in each interval.

EXAMPLE |2| Find the points of local maxima and local
minima of the function f{x) = (x —1)* (x+ 1)
Sol. We have, fix)=(x=1)" (x +1)°
oo fix)=3(x=1F (x 1) #(x=1)" 2(x +1)
=3 =1 x#1)[3 x +1)+ 2{x =1)]
=(x=1)" {x +1)(5x +1)
For local maxima or local minima, put f(x)=0,
= (x=1 (x+1}{5r+1) =0 = x--%,-l,l
For x = =1, f{x)>0to the left of x = =1and

fix)<0to the right of x = =1,
» x==1 ig a point of local maxima.

For x --%, flx) < 0to the left of x = —%m:l.d
f{x) = 0to the right of x --_:T

x--_:T is a point of local minima.

For x =1, f{x) > 0to the left of x =1
and f{x) = 0to the right of x =1
+ = + +
=1 -5 1
o x =1 is neither a point of local maxima nor local
minima. Thus, we have the following table
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Suppose f(x) be the given function, then to find local
maxima and local minima fo{x]l by first derivative test, we
usc the following steps

L Firstly, write the given funcrion f{x]l and differentiare
it W.r.t. x, e fnd f’{x].

I1. Pue f’l[x} =0 and solve it to find critical poines
(say @ and &) which could possibly be the points of

local maxima or local minima nff.

HI. Take these points one-by-one and check that it is a
point of local maxima/minima, ie check the

Fuﬂmvjng.

-1
At rem —
5

(AR RGOk

Atxm=i fi=1)m(=1=1 (=141 =0
Hence, the point of loral maxima is = 1 and the local

_ M58
3125

maximum value = 0 and the point of local minima is —%

=3456
and the local minimum value = TR Also, point x =1

is the point of inflection.

EXAMPLE |3| Find all the points of local maxima and
minima of the function f(x)=x? —6x* +9x -&
Sol We have, f{x)= =t F O =38
On differentiating both sides w.rt. x, we get
frx)mix’ =12x +9

Put f(x)=0

= 3x" =12x +9=0

= Yxd =dx+3)=0

= Hx=1x=3)=0 i}
=5 rml 3

These are the critical points.

Mo, for values close to 1 and to the right of 1, f{x)=0
and for values close to 1 and to the left of 1, f{x) >0

- x =1is a point of local maxima.

For values close to 3 and to the right of 3, f*(x) =0

and for values close to 3 and to the left of 3, f{x) <0

- x =3 is a point of local minima.

Hence, x =1 is a point of local maxima and x =3isa
point of local minima for given function.

Value of x 5";'.'{';;"‘ "ﬁ:;’:t“'
Close to to tha nght of —1 =0 Local maxima
-1 a|11|:| othelefiof >0
Clasato  totherghtofZl >0
=1 5 Local minima
5 a_l_'lu:I o the left of <0
5
Closeto 1 tothe right of 1 =0 Meither local
andinthalaftof1 =0 Mmaima nar
local minima

Thus, f{x)changes sign from pesitive to negative.

S0, ¥ = (1 is a point of local maxima and local maximum
1 1

value is f{0)2 — = —
f{] +2 2

Theorem 3 (Second Derivative Test) Lctf be a
function defined on an interval [ and ¢ € [ and fbe
twice differentiable at & Then,
(1) x =c is a point of local maxima, if
fle)=0 and () <0
The Mu:f{r} 15 local maximum value fo.-
(1) x=c is a point of local minima, if f’l:c] ={ and
f” (c) =0
The value f{c) is local minimum value of f
(i) The test fails, if f’{r}=l} and f" () =0.
In this case, we go back to the first dermvative test and
find whether ¢ 15 2 poine of local maxima, local
MINIMa or a point of inflection.

Mote &s f is twice differenfiable at c. we mean second order
derivative of f exists at c.
WORKING RULE TO FIND LOCAL MAXIMA/
MINIMA BY SECOND DERIVATIVE TEST
Suppose f{x} be the given funcrion. Then, to find local
maxima and local minima ]::].r second dermvanve test, we use
the following steps

L. First, write the given function and differentiate it

w.r.t. x, Le. find first denivarive.

I1. Put firse denvanve, Le. f'l[x}= 0 and find the crirical
points which could be pufssih]y the points of local
maxima or local minima.

II. Find second derivative of f(x), i.c. again differentiare
f'[:x}l w.r.L x to gctf”{x]_

IV. Check the sign of f""(x) at each critical point
obtained in step II to get local maxima/minima,

L.e. Suppose x = & is a critical point, then ifatx = a,
(i) " (a) =), then a is point of local maxima.
(i) " {a) >0, then a s point of local minima.

EXAMPLE |4] Find the local maxima or local minima, if
any of the function f(x) =

x+2
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-2
(x® & 2)

For a local maxima or local minima, put f{x)=0

Sol We have, f(x)=

= f(x)=
xi42 f{ﬂ

2
=3 -%-D = x =0
(x° + 2)

Mow, when x is slightly less than 0, Le. when x is

negative, then f’(x) = _ﬁis positive.

When x is slightly greater than @, then
flix)==

is negative.
(xt 2

Sol (i) Given, f{x)= xfi=x

On differentiating twice w.r.t. x. we get

. - 41._.‘2'3"}
,I"{I} EJI—II'. * EI—I

r-ul'1-x (0=3)=(2=3x) X —

1
23—3(

d rr [
and f*(xy= o e

_ (3x-4)
41 =x)"

For local maxima and local minima, put f{x)=0

2
=% (2-31j-&=&x-;

2z
IN—=4g
el 2 [ 3 ] -3*"
and f [;]- - = <0
(-3
3

Z
xm 3 is a point of local maxima.

2 2
Hence, local maximum value = f] — | = )
JII-[3] QE

x x

o o G- ] = =
(i) Given, f{x) (x=1Nx=4) (x®=5x+4)

On differentiating twice w.r.L x. we get
(2% =Sx b d)l = x(2x =5} - g=xt

frix)=

(x® =5y 4+ 4)(=2x)= (4= x")2
(x® =5x +4)(2x=5)

[x? =5x+4)* [x? =5x+4)*

and f(x)= (% =G+ 4)

2[(x* =5x + 4N =x)=(4=x" ) 2x =5)]

= fx)=
fx) (x? =5x+4)*
[{x*-hu}’(-zxj-[q-x’JE]
i- -
and () (x% =5x +4)(2x =5)

(x% =5x +4)

2[(x* =Sx + 4} =x)=(4 = x" ) 2x =5)]

= fx)= (x% =5x +4)°

- 2[= x? #5x? =gy = (B = 20 = 2x? 4 5x 2]

(x® =5x +4)}
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(iii) " (a)=10, then resr fails.
V. Now, find the local maximum or minimum value of
function by putting corresponding point in the given
Function in place of x.

EXAMPLE |5| Find the local maxima and local

minima and the corresponding local maximum and
local minimum values of the following functions.

(1) fx) = xaf/1=x, wherex <1 INCERT]

{ﬁ}ffﬂ';. where 1< x < &.

(x = Lfx =4}

EXAMPLE |6] Find all the points of local maxima and
local minima of f{x) = — x + 2 sinx on [0, 2x] . Also, find
local maximum and minimum values.

Sol We have, fix)==x + Zsinx

Om differentiating both sides w.rt. x, we get
Flxy= =14 2cos x i}
For local maxima and local minima, put f'{x)=0

= =14 2cosx =0 = :ursx!iz

T n 5w
= x=2pafi— = yx=— —c|i 1]
3 303

On differentiating both sides of Eq. {i) w.r.t. x, we get
f(x)==2sinx

Atx=m 1, f"[%]-— EEEn%-— 1@{&
", : :
L oxrm ?JS a point of local maxima.
At x -E—H,f”[g—n]--zsins—n !ﬂE =0
3 3 3
LoXm 5?1'! is a point of local minima.
Hence, the points of local maxima is % and local minima
. Al
is —.
- .
On putting x = ;m flx) we get

n b1 b o n 3 =T
il (S Esi.n—-——+2:n:£- L Y
i 3 2 3

3 3

which is the required local maximum value.

Om putting x -%in fix), we get

f 5—“ -_5_1'I:+ 251’n5—n
3 3 3

(= E] E] E] & E]

which is the required local maximum value.

Om putting x ls?nin filx), we get
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2[x? =12x + 20]
=

(x®=5x+4)
For local maxima and local minima, put
fix)=0
= (4-x")=0 = x=%2

But l<x<d = x=2 [ x==2g (i, 4)]

2 2* ={12 % 2)+ 20] _2

Now, [7(2) =
ow. f7(2) (2 = (5w 2)+4)* (=2P

1<

o x=2is a point of local maxima.
Thus, local maximum value = f{2)
2 2

S lI=1iz-1) -2

= =]
For maximum, put

dP 3

—=0=4y (45=y)=0

dy

= y=0or y=45
Meglecting y =i, we are left with y =45

Nuw,|:£i| = (12 % 45)(30 = 45) = —8100 <0
o A5

S0, ¥ = 45is a point of maximum and another positive
maximum number is x = 4l =45 =15 [ x+ y =0
Hence, the numbers are 45 and 15.

which is the required local minimum value.

EXAMPLE |7| Find two positive numbers x and y such
that x + y = 60 and xy* is maximum.
Sol Letx+ y=60and P = xy".

Then, P =(s0=y)y’

Om differentiating twice w.r.t. x, we get
dF
—= 3;..-:{611— ¥+ J.r;{—l}
dy

= (180" =4y" ) =4y (45=y)
2

and %-{35@-&;*;-12;{3&—}-]
¥

[vx=60=y]

Let V be the fixed volume of a closed cuboid with length
x, breadth x and height y.
Let 5 be its surface area, then

VexxXxxy

Vv

— ym— -1}
x
Mow, S5=Ax" +xy+ xy)
= S=ax’ + 2xy)= z[f + ﬂ] [using Eq. (i)]
x

¥
= S=dxts
x

EXAMPLE |8| Find the minimum walue of (ax + hy),

where Xy = f_': On differentiating w.rt. x, we get

[All India 2020, Foreign 2015)
Sol Let f{x)= ax + by, whose minimum value is required.

2 2
Then, f(x) = ax + 2 cxymet =-‘~"f—} a ﬂ-[1 f]
x x 2 i
On differentiating both sides wrt x, we get . v
Bt MNow, put — =0 = 2::'——2 =
fix)= a=— X
x ay X
For maximum or minimum value of f{x) put f{x)=0 =% Ix=— = x =V
be* be* be’ g
= a——2-ﬂ=ba-—2==x=-— = Vo
x x a
= xXxXy=x' = y=x

= x-:I:JEc
a

Mow, f7(x)=0+ Eb‘:
x

2
Atx-+ﬁ.f.f”{r]'- 2 =+ ve
i

2

Now, when y = x, then we have V = x°
2 3
[j—r_f] =i+ =230
ye=a *

S0, 5 is minimum when length = x, breadth = x and

3
[JE‘:] height = x, ie. when it is cube.
a

EXAMPLE |10| All the closed right circular cylindrical

. b
Hence, f{x)has minimum value at x = J: €. cans of volume 1287 cm?, find the dimensions of the can

b e which has minimum surface area. [Delhi 2014]
AL xm=— Ec‘f (x)m= T Ve Sol. Let r cm be the radius of the base and hcm be the height
- Ef of the cylindrical can. Let its volume be ¥ and 5 be its
a total surface area

Get More Learning Materials Here : i

e @)

@ www.studentbro.in



Get More Learning Materials Here : i

At x == E«:,,r'“'lj.vr]nnz—:7|
-|=
a

Hence, f{x)has maximom valoe at x = -JE c.

2 2
When x = JEc,thsz.r-c—- c—-JE.:-
a x Jb_ [
-
a

- Minimum value of ﬂxj-aJE-c +* bJ%.c
a
= fab-c + Jab-c = 2:Jab-¢

EXAMPLE |9]| Show that the surface area of a closed
cuboid with square base and given wolume is minimum,
when it iz a cube. [All India 2017]

d5
For maxima or minima, put d'_ =0
r

56T
= -””-T = = A4

Taking cube root on both sides, we get
re(pd)? = red

Again, differentiating Eq. (iv) w.r.t. r, we get

ds si2m
—! =41 4 3
dr r
4*%  s512n

At .r--i,—i-—+4:|'t-&ﬂ:+4:lt mi2E>0
dr &4

By second derivative test, the surface area is minimum,

when the radius of cylinder is 4 cm.
Om putting the value of r in Eq. (i), we get
128 128
= ——m—=miem
4y 18

Hence, for the minimum surface area of can, the
dimensions are r =4 cm and h =8 cm.

EXAMPLE |11]| The sum of surface areas of a sphere and
a cuboid with sides ? x and 2x is constant. Show that the

sum of their volumes is minimum, if x is equal to three
times the radius of the shpere. |All India 20150C]

Sol Let rbe the radius of the sphere and dimensions of
cuboid are% x, 2, respectively.

= 4mr +2[§}:x+ x X 2x+ 2x x%]- k {constant)

e @)

which has minimum surface area. [Delhi 2014)

Sol Letrem be the radius of the base and hem be the height
of the cylindrical can. Let its volume be V and 5 be its
total surface area.

Then, V=128 em® [given]
= nrth=128n
= h= 12% L Ai}
2
Also, S=2nr + 2nrh i)
R 128 . .
= Se2nr +2n r_t [using Eq.(i}]
= 5 m 2?4 208 __{iii)
r

Om differentiating both sides of Eq. (iii) w.rt r, we get

d5 2567 .

— = fr - v}

dr r
For maximum or minimum value, put =0

' 2
= {=tx k-6x +2x2 =0
4n
2 2
=5 E.r!-ﬁx.lik-ﬁx =>x-3.|’k-ﬁx
41 41

=% x =3 [using Eq. {i)]

r

Again, differentiating

wrt x, we get

&V =8 d :
— T—{ k=6 4
o = T i x X ) +4x
e ] I P +x-1a?1_(-|2x} #4x
n 2 Jk=gx®

-3 [J:-:ix2 -ax*]
+4x

]; Jk—&xi
2
Stk

-J'E:Jk—&xi

4y’
{mﬁ- : —&xi]
&4

[d*v] i
dx® 2
) ‘_23' kee JHJ*M +6x* =6x”

q
o anxt xt =4mx?
9 9
+4ix =
2nx
i
3

2nx
3

x

X

- +4x
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[given)]
ke =tx®
= dnrt +ex’ =k = ' = ad
41
k=6xt
- r= 4: i)

4
Sum of the volumes, V = ;:ﬂ:r; +Zxwax
3f2
4 [ k=6x" 2
== V= =mx Eohx b=yt
3 47 3

On differentiating both sides w.r.t x, we get

12
A 4 3 k=sx® [-12x] 2 s
—_— W — —_— =3y
&3 2 4in 4 3

2
= 2 =G —3I] +2x*
4n 4

k=6xt 3

= | =fx + 2x
in

Fi b o

Then, 4a= x and ?mr= 25=1x =H]-1£EI.IT|EII-

2
-, Area of the square = a* = [‘:—] 50 m
1

z 2
mda:ennfthec:i:cle-nri-n{zs I] -{25 =)

o | 4in
H 3
MWow, combined area, A = X (25=x)"
16 4|

Om differentiating both sides w.r.t x, we get
2
dA _x _(35=x) (n+d)x=100 . d*A _(n+4)
dc 8 I in de*  Em

For maxima or minima, put E- 0

(7 +4)x =100 _ 100
8 (m+4)

4 (m+4)
[ —
dx®  am
100
(7+4)
; 100
Hence, the lengths of pieces aIe[—*] m and
"+

5 )
{ ] m, respectively.

and > O for all values of x.

Xm is a point of local minima.

T+d

EXAMPLE |13]| Show that the height of the cylinder of
maximum volume that can be inscribed in a sphere of radius

Risg. Find the volume of the largest cylinder inscribed in a

B

Six? =gy’ 2x?(27 = 21)
= — B e e

+4x
x nx
o XET=20) L wn
"
k=fx”
-V is minimum, when x = * .
41
b =tx®
But r= * = y=73r
41

Hence, V" is minimum when x is equal to three times the
radius of the sphere.

EXAMPLE |12| A wire of length 25 m is to be cut into
two pieces. One of the wires is to be made into a square and
the other into a circle. What should be the lengths of the
two pieces, so that the combined area of the square and
the circle is minimum?
Sol Let x m and (25= x) m be the required lengths.
Again, let a be the side of the square formed and r be the

radius of the circle formed.

Volume of cylinder, V = nr'h

= Ven [l—zuﬁ - h"}]ﬂ [from Eq. (i)]
It 3 3 .
=4 V-THR h=h") -..{ii)

Om differentiating V" w.r.t. h, we get
dV R 3 .3
— 4R =3k -
Ty ] =

dv
For maxima or minima, put E- 0

=:%HR= -3 =0

= 4R =3k
= h= R [-- height cannot be negative]
?; A
O differentiating both sides of Eq. (iii) w.r.t. k we get
d'v 3
—==—1h
dh?* 2

2R 4 1 2R
Ath , ==X - R <0 [ R0
-E :ﬂ:i = 7 :IE- 1E [ ]

2 Volume of eylinder is maximum at h = %.
2
From Eq. {i). we get P 1—[4."1'2 - %] = %

= Volume of largest cylinder inscribed in a sphere,

Ven 28 }{ER
5 B
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sphere of radius R. [NCERT, All India 2019]

i3 Firgtly, find the radius of eylinder by using Pythagoras
¥ theoram, than eliminate r from volume of eylinder.
After this, apply second derivative fest 1o find maximwm
heght and masdmum wolume.

Sol Let we have a sphere of radius R and a cylinder is
inscribed in it. EB = r be the radius of the cylinder and
BC = hbe the height of cylinder.

In right angled AABC, we have
(ACY =(AB)* +(BC)* [using Pythagoras theorem]
= (2R =(2r)" + h® = 4R =ar® + B°

= = l—{-m’ = h®) i)

Kol Let radius of cone = r, Height of cone = J,
Slant height of cone = [, Semi-vertical angle =,
Surface area = 5 and volume of cone,

1 3 .
Ve==mrh
3 r ]

On squaring both sides, we get
via % 2l = 15 atrt (P =) i)
[- in AAOB, using Pythagoras theorem, I* = r* + h*]

Given, surface area of cone, § = ftrl + fir’

= frl =5 = qr’
i
= jm3 i)
"r

On putting the value of ! in Eq. (ii), we get

e 2]

1 5= 28 4 2
Vm—n?! —_— TP
9 f'r

]
= V==
23

1 5 |5 =2n8 + 2 =¥
ar
9 fr

1
= vt -Ea-t [5% = 2m5r7]

Get More Learning Materials Here : i
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1 4
-5 (5]
= :Ig * Volume of sphere

Hence, height of the cylinder of maximum volume is %

and volume of largest cylinder inseribed in sphere is ?1-
3

times volume of sphere.
Mote For maximum volume, the diagonal of cylinder passes through
the centre of the sphere i.e. diagonal is a diameter of sphere.

EXAMPLE |14] Show that the semi-vertical angle of
right circular cone of given surface area and maximum
volume is sin"[l] .

3 [NCERT]

r3- First, establish a relation between volume and surface

¥ area of cone, then differentiate it and find the crtical
points and apply the second derhvative test 1o find the
radius. Further, find a sembvartical angle.

5 r5
Sminr’ = e = r= [
4% £ 4

[~ radius cannot be negative]
Again, differentiating both sides of Eq. (v) w.r.t. r. we
get

f”[r}-%[i‘.ﬁ! = 24 m5rY)
5 i s 5
At re= _|]—, F =—| 25% = 4us.—
Var UO)_ | =
=Lps? —ast)= 2252 <o
9 9
= Volume of cone is maximum, when r = ,ILi
b o

5 =4ar

Om putting the value of 5 in Eq. (iii), we get

i’ =art  and
j-_-_-
nr nr
Inﬂ.ﬂm.ﬂnu-;-
y F 1 - -1['}
= SITIEY = —m = =3 (il = Zif -
I 3 3

Hence, the semi-vertical angle of cone is sin”™ '[%}

Maximum and Minimum Values
of a Function in a Closed Interval
A function may have a2 number of local maxima or local
minima in a given interval. A local maximum value may not

be the test and a local minimum value may not be the
least value of the function in any given interval.
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1 3
= V= 5 [5%F" = 2msrt] v}

Let V¥ = f(r), then f{r)is maximum or minimum,
accordingly as volume (V) is maximum or minimum.
Now, flr)= %:5“:* =28t
On differentiating both sides w.r.t r, we get

friry= :;{2521' - ansrt) A¥)

For maximum or minimum value put {{rj=0

i
= E{zs’:-ans.r*}-n
= 25r(5 = 4mr’) =0
= 2%r=0 and S—4mr® =0 = 520

rei and §=4nr =0
= r=0 and5 =4nr’

Since, r =0 is not possible.

IMPORTANT THEOREMS

Theorem 1 Let [ be a continuous function on an interval
I =[a,b] Then, f has the absolute maximum value and
fatta.ins it atleast once in [ Also, f has the absolute
minimum value and arrains ic atleast once in £,
Theorem 2 Let f be a differentiable function on a closed
interval J and ¢ be any interior point of I Then,
(i) f'le)=0,if f atrains its absolute maximum value at
€.
(11) f’[r] =0, if fatta.ins its absolute minimum value at
-
Method tw Find Absolute Maximum or Absolute
Minimum Values in an Interval [a, &]

Suppose f(x) be the given function. Then, to find absolute

maximum and absolute minimum values in the given
interval, we use the Fu].lml.rin.g steps

L. Find all critical poines nl'_f in the interval, i.e. find
points ar which either f’[x} =0 or f 15 Mot
differentiable.

II. Take the end points of the interval.

1. At all these points listed in steps [ and 11, caleulate the
values of f.

IV. Identify the maximum and minimum values of f out
of the values calculated in step IlI. This maximum
value will be the absolute maximum {grc-a.l:csr:] value
uff and the mimimum value will be the absolute
minimum (least) value of f.

EXAMPLE |15| Find absolute maximum and minimum

e @)

B[ Ha fien fiea fm

¥
If a function f(x} is continuous on a closed interval, say
[a,&] . then it attains the absolute maximum value or gloE:la]
maximum (absolute minimum value or g|uba| minimum)
at critical points or at the end points of the interval [2,5].

Thus, to find the absolute maximum (absolute minimum)
value of the function, we choose the ]argﬁr and smallest

amongst the numbers f(a), fcy), flcy), f(6), where

¢y and ¢4 are the critical points.

O E)
A5

and fly=121)"* = a1) =g

Hence, absolute maximum value of function f is 18 at
x = =1 and absolute minimum value of function f is

i
—at x=—
4 g

EXAMPLE |16] Find the maximum and minimum
values of (x +sin 2x) on [0, @]
Sol Let f{x)= x +sin2x

On differentiating both sides wr.t. x, we get
Fix)=(1+2cos Zx)
For critical points, put f'{x)=0

-1
= coslx= —z,wherexE [, 7]

mmodnm T
= Iy m— — =y = — —
3 '
Now, f{Z)a EesnZBa R, B 2me2s
1) 3 3 3 2 &
) 2m .  4m_2m _ m 4n=l3
fl=|=—+sin—="—=sin—=—_——
3) 3 3 3 3 P

floy=0and fin)=n+sinZr=mn
Hence, the minimum value of f{x)is 0 at x =0 and the
maximum value of f(x)is®at xr=m

| TOPIC PRACTICE 3|
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values of a function f given by
flx) =12x** —6x"* xe[-11]
Sol We have, f(x)=12¢*" =ax'"?
On differentiating both sides w.r.t x, we get

INCERT]

4 1
fix)y=12x ;Ilm—&xgx'ﬂn
s__ Hix =1)

L
=lbox
I3 2

X X P

For critical points, put f{x)=0
iixz—;”-ﬂ = fx=1l=0 = Jr-l
x &
Also, f'{x)is not defined at x = 0, so critical points are
x-I:Iandx-%andendpnintsn[inhen'alare—land 1
Now, fi=1)=1%=1)" =g(=1)"=124+6=18

floy=120) =6 (0) =0

The functin f{x) = x* has a stationary point at

(b)x =2
e

(d) x =&

(a) x =¢
(e)x=1

A right circular cylinder which is open at the
top and has a given surface area, will have the
greatest volume, if its height h and radius r are

related by
(a)2h=r (b) h = dr
(c)h=2r (dyh=r

SHORT ANSWER Tvpe 11 Questions

6 Find all the points of local maxima and local
minima of the function

3 . 45
flx)==2x 8x* 5 * +105. INCERT Exeaplar]

7 Find the points at which the function f given
by fixi={x=4)" (x + 1) has
(i} local maxima. {ii) local minima.

(iii) point of inflection. INCERT]

8 Itis given that at x =1, the function
x* =62¢" + ax + 9 attains maximum value on

the interval [0, 2]. Find the value of . [NCERTI]

Find the least value of flx)=e" +¢™.

10 Find the maximum and minimum values, if any
of the following functions. (Each part carries
4 Marks)
(i) flx)=|x+2|-1
(ii) glx)==]x+1]+ 3
(iii) R{x) =sin(2x)+ 5
(iv) fix)=|sin d4x+ 3|

(v) hxy=x +1 x e(=1,1) [NCERTI

Get More Learning Materials Here : i

OBJECTIVE TYPE QUESTIONS

1

13

14

15

16

17

13

19

20

21

22

e @)

If xis real, then the minimum value of
x* = Bx +17is

(a) =1 (k) O

()1 (d) 2

The function f(x) =2+* = 3x* =12x + 4, has
(a) two points of local maximum

(b} two points of local minimum

(c) one maxima and one minima

(d) no maxima or minima

The maximum slope of curve

y==oF + 32"+ 9x=2Tis

(a) O
(c) 16

(b) 12
(d) 32

Find the dimensions of the rectangle of
perimeter 36 cm which will sweep out a volume
as large as possible, when revolved about one of

its side. Also, find the maximum volume.
[Delhi 2020]

Show that sin®8ecos%8 attains a maximum value,

when 8 = tan™ JE
q

. 1y
Prove that the maximum value uf[— is ',
x
Find two positive numbers whose sum is 16 and
the sum of whose sgquares is minimum.

Prove that the largest rectangle with a given
perimeter is a square.

Let AP and B} be two vertical poles at points 4
and B respectively. If AF =16 m, B} =22 m and
AR =20m, then find the distance of a point & on
ARfrom the point 4 such that RP* + RQ%is
minirmum.

Manufacturer can sell x items at a price of

¥ [5- i] each. The cost price is ¥ (£ + EIJD].
100 3

Then, find the number of items he should sell 1o
earn maximum profit.

Find the points of absolute maximum and
minimum of f{x)=(x=1"*(x=2); 12 x<9

Find the absolute maximum and minimum
values of flx)= 2x* = 24x + 57in the interval

I1, 3].

Find the absolute maximum and absolute
minimum values of the function f given by
Fix) =cos x +sinx, x € [0, x|
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11

12

25

26

27

28

29

31

32

Lo

33

34
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Find the local maximum and local minimuam

(x=1)(x-6)

values of L x =10,

Find the local maximum and local minimum
value of the following functions.

) i by
i) fix) = (sinx = cosx), where 0 < x < —
@) Sy = ) 2 [NCERTI

(ii) fi(x) =(2cosx + x), where 0 < x <2x

Show that the right circular cone of least

curved surface area and given volume has an

altitude equal to /2 times the radius of the base.
[NCERT; All India 2017C; Delhi 2011]

Show that the height of a closed right circular
cylinder of given surface and maximum volume
is equal to diameter of base. [Delhi 2012]

Show that the semi-vertical angle of the cone of
the maximum volume and of given slant height

iscos™! 1
J3 [All India 2016; Delhi 2014]

Find the point Pon the curve y* = 4 ax, which is
nearest to the point (1la, 0). [All India 2014C]

An Apache helicopter of enemy is flying along
the curve given by y= x? +7 A soldier placed at
(3, 7) wants to shoot down the helicopter, when
it is nearest to him. Find the nearest distance.
[MCERT Exemplar]

If the length of three sides of a trapezium other
than the base are each equal to 10 cm, then find

the arca of the trapezium, when it is maximum.
LAl India 2014, 2010; Delhi 2013]

If an open box with square base is to be made of
a given quantity of card board of area ¢!, then
show that the maximum volume of the box is

¢ )
€l units.
6v3

A sgquare piece of tin of side 18 cm is to made
into a box without top, by cutting a square from
each comer and folding up the flaps to form the
box. What should be the side of the square to
cut off, so that the volume of the box is the

maximum possible? Find maximum volume.
[NCERT]

[All India 201E]

A metal box with a square base and vertical
sides is to contain 1024 em®. If the material for
the top and bottom costs T 5 per em? and the
material for the sides costs ¥ 2.50 percmz. Then,
find the least cost of the bo.

[Delhi 2017, 2006C; NCERT Exemplar]

The sum of the perimeter of a circle and square
is k, where k is some constant. Prove that the
sum of their areas is least, when the side of

23

Find the point on the curve y* = 4x, which is

nearest to the point (2, =8} (Al India 2019]

LONG ANSWER Type Questions

24

36

37

38

39

40

H

e @)

Find the points of local maxima, local minima
and the points of inflection of the function fx)
= x® = 5x* + 5x* =1 Also, find the corresponding
local maximum and local minimum values.

[All India 2016C]
sguare and the other in the form of an
equilateral triangle. Find the length of each
pieces, so that the sum of the areas of the two be
mimimum.

Show that the altitude of the right circular
cone of maximum volume that can be inscribed

in a sphere of radius r is % Also, show that the

i . B
maximum volume of the cone is E of the

volume of the sphere.
[Delhki 2006C; All India 2004]

Or

Show that the altitude of the right circular cone
of maximum volume that can be inscribed in a

sphere of radius r is % Also, find the maximum

volume in terms of volume of the sphere.
[Delhi 2019, 18]

Prove that radius of right circular cylinder of
greatest curved surface area which can be
inscribed in a given cone is half of that of the
COnE. [All India 2012]

Show that the height of the cylinder of greatest
volume which can be inscribed in a circular
cone of height h and having semi-vertical angle
ot is one-third that of the cone and the greatest

volume of cylinder is 3 7k tanla.
[Delhi 2017C; NCERT]

A window is in the form of a rectangle
surmounted by a semi-circle opening. The
perimeter of the window is 10 m. Find the
dimensions of the window to admit maximum

light through the whole opening.
[NCERT; All India 2017; Foreign 2014]

A figure consists of a semi-circle with a
rectangle on its diameter. Given the perimeter
of the figure, find its dimensions in order that
the area may be maximum. [All Tndia 2016C]

AB is a diameter of a circle and Cis any point
on the circle. Show that the area of AABC is

maximum, when it is isosceles.
[All India 2017, 2014C]
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47

48
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sguare is double the radius of the circle.
[NCERT; Foreign 2014; Delhi 2014C]

A wire of length 36 cm is cut into two pieces.
One of the pieces is turned in the form of a

Find the area of greatest rectangle that can
be inscribed in an ellipse z—j+:—j =]

[All India 2013]
Find the maximum area of an isosceles triangle
inscribed in the ellipse‘:qj- + f:- =1 with its
vertex at one end of the major axis.
An isosceles triangle of vertical angle 26 is
inscribed in a circle of radius . Show that the

. . . "
area of triangle is maximum whenf = M

If the sum of the lengths of the hypotenuse and
a side of a right triangle is given, then show that
the area of the triangle is maximum, when the

angle between them is %

[NCERT Exemplar; Delhi 2017; All India 2014]

A point on the hypotenuse of a triangle is at
distances a and b from the sides of the triangle.
Show that the minimum length of the
hypotenuse is (a4 p2EAP2 [Delhi 2015C]

A tank with rectangular base and rectangular
sides open at the top is to be constructed, so
that its depth is 3 m and volume is 75 m®.

If building of tank costs ¥ 100 per square metre
for the base and ¥ 50 per square metre for the

sides, then find the cost of least expensive tank.
[Delhi 2015C]

HINTS & SOLUTIONS

(c) Let flx)= x* =8x +17
flix)=2xr =&
5o, fx)=0 gives x =4

MNow, ffix)=2>0%x
50, x = 4 is the point of local minima.
- Minimum value of fix)at x =4,
fle)=dxd=Exd+17=1
{c) We have, f{x)= 2xt =t =12x + 4

f’{xj-&rz—&x—li

MNow, f’{x]-l]:;ﬁ{xz—x—ijntr
=% flx +1)x =2)=0
== yx==land x=+ 2
On number line for f°{x) we get
+ - L+
-1 2

e @)

41 Prove that the area of a right angled triangle of

given hypotenuse is maximum, when the
triangle is isosceles.

Hence x = =1 is point of local maxima and x = 2 is
point of local minima.

5o, f{x)has one maxima and one minima.
(b) We have, y= = x4+ $0x =27

ir—y-—j-xz-l-&x + 9= Slope of the curve

dz_'p'

and —S==bx+b==6(x=1)
dx
d_i:"_.ﬂ
dﬂ:’!
= =fx=1j=0= y=1x=0
d!
MNow, —}I--Eu:ﬂ
Iir'(';

5o, the maximum slope of given curve isat =1

[d_-"] =-31% +41+9=12
dx P

(b) We have, f{x)=x"

Let y=x"
and log y = xlogx
l-EIE-X-L+ log a1
y dx x
=5 ni—'II'F-{I + log x)- x*
dx
d_}l-n
== 1+ logx)-x* =0==logx==1
=5 logx = luge'L =y=me
= Xm—

e
Hence., f(x)has a stationary point at x = =
€

{d) Surface area, § = mrh & nr' - A}

and Vv=mxlh i)

5=ar
Fr Eg. (i), h= ——
om Eq. (i) -

From Eq. (ii), V = %{5 -nr')

= %-%{5—3:”’;-11
= S=3nr'=0
= 5 =3t
On putting the value of 5 in Eq. (i), we get
et = 2nch + nrt
= rmh
Similar as Example 3.
[Ans. Local maxima = 0, =5; Local minima = =3)
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Similar as Example 2.

[Amns. (i) Local maxima at x = &/7.

(i) Local minima at x = 4.

(iii} Point of inflection at x = =1.]

Hint f{x)=4x" =124x+a put f'{1)=0
[Ans. a = 120]

d -
H.intgx'v-- gl =0 = ¢ =] = x=0[Ans. 2]

Similar as Example 5.
[Amns. (i) Minimum value = =1, no maximum value
(ii} Maximum value = 3, no minimum value
(iii} Minimum value =4 maximuom value =&
{iv) Minimum value = 2, maximum value = 4
{v) Meither minimum nor maximum value.]
(x=1){x=8) x'=Tx+b
x =10 x=10

On differentiating both sides w.rt. x, we get

dy _ (x=10)2x =Th=(x" =Tx +6)1

dx {x=10)"

[using quotient rule of derivative]
J2x=Tx=20x 4 T0=x" +Tx =6

Let y=

{x=10)"
2
=X —Elflx+64-[x—4j[x—lﬁ]
{x=10)* {x=10)"
For local maxima and local minima, put dyfdx =0
(x=a4)(x=18)
e Wlﬂ:} [x—-!j{x—lﬁ]-ﬂ
x=4 16
For x = 4,
When x iz slightly < 4, then E-{ {i{j ) = Posirive
{ =)
When x is slightly > 4, then = Negarive
ghtly dt ) g

Thus, i% changes sign from pasitive to negative.

So, y is local maxima at x = 4.
~.Local maximum value at x =4 is
_a=1)(a=-5) 3x=2

=1
4=10 -6
For x =16,
- _v (+ X=)

When x is slightly < 16, then — = Negative
(+)

When x is slightly > 16, then — d}' + M+) = Positive

dx (+)

Thus, -jich.m.ges sign from negative to positive.
x

5o, y iz local minima at x =16

. Local minimum value at x =igis
_ {1o=1}{16=5) - 15.:(10_ 5
16=10 [

12. Similar as Example 6.

13.

14+.

15.

[Ans. (i) Local maximum value = 2 and no local
minimum value exist (ii) Local maximum value

- [..E + %] and local minimum value = [ETI- -uE]]

Here ABCD is a rectangle with length AD =y cm and
breadth = x cm
A

¥ 0
X x
B ¥ C

The rectangle is rotated about AD. Let V be the volume
of the cylinder so formed

o Venxy i)
Perimeter of rectangle = 3 x + y)
= Io=Ax + y)
=% y=18=x
Mow, Vo= axis= x)
V= milsae® = ")
= %-n{%x-i-xij

r

For maxima or minima, put % =

3Gy =3x ) =m0 =y =12 x 20
2

d_v.r:{za-ax;.

dk':

d*v
[F] =R(36=T72) = =367 <0
P
~. Volume is maximum when ¥ =12 cm
y=li=x=18=12=6cm
Hem:e the dimension of rectangle, which hawe
maximum volume, when revolved about of its side is
12%6
Putting the value of x and y in Eq. (i), we get
V =84mem’

Him:—;-sm"eqm“"&x[-m&}
+ cos?0. psin ™' B x(cosB) =0
= sin®"'Bcos? B(—gsin® B + pcos B) =0
= tanfl = +,/pfg
Hint uty-x"ﬁ%--x"[1+ logx)
dy

1
=== x=—
dx e

16. Similar as Example 7. [Ans. & 8]

e @)
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17. Hint Let x be length and y be breadth of rectangle.

Given,ﬁx‘l-r}-_p,ﬂmﬂ.ll-]_}l-x{%—x]

ﬂ-Ift.we txm
d_'l.' EE }I'

18. Hint Let AR = x, then BR = 20=x

a0
Fl
16 22
m m
As—x=—R B
BP? + RO = v (20— x)* +740
24x  x°

19. Hint Profit, P= SP=CP2 —— = —=5{{
5 10
Put % = { [Ans. 240]

20. Wehave, fix)=(x=1)'" (x= 2
On differentiating both sides w.r.t. x, we get

Fley=(e=1"14(x= ﬂi'itr-u"”

[by product mle of derivative]

.{x-u"“’[x-n -l-%[x— 2;]

-{x-1j‘”’[3""3; I—E]-{r_”-!ﬂ- [4:3—5]

Put f{xj=0

1 5
= E:x-u'”’{-tx-ﬁ;-u = x=_

Now, f{l)=(Q=1'""(1=2)=0

B G 6

and  f(9)=(9=1)'" (9=2)=(8)* T = 2x T =14

Hence, f{x)is absolote maximum at x =9 and absolute
5

minimum at x = —-

21. Similar as Example 15 [Ans. Maximum value is 39 at

r= 3 minimum value is 25 at x = 2]
21. We have, fix)=cos *x+sinx, xe[0, n]
On differentiating both sides w.r.r. x. we get
f'(x)==Z2cos x sinx + cos x
For critical points, put f*(x)=0

=5 =2c0os X sinx + cos =i
= cos {l=2sinx)=0
== cos x=00rl=2sinx =10
4 1
== r=(In+]lj—orsiny ==
2 2
==

T n
x=(2n +1]?ur sinx-smz

Get More Learning Materials Here : i

[Amns. 10m]

23.

e @)

1o I
=% x-{lr:+l]3urx-mt+[—1j"ag,

wheren=0, 1 + 2, __

Then, we evaluate the value of f at critical points
Xm % % £ and at the end points of the interval [0, 7]
1

Atx-ﬂ.f{l]]-cuszﬂ+sinﬂ-1

n &
X
SBY 13 1 os
| = o= e o
2 2 4 2 4
n b
,th-—j{?]-msi—+si.n—-ﬂ+lnl
5m L) &m o
Atx-—f{—} cos? = 4 gin—
[ & [

[
2
b n 3 1 3+2 5
= cos?| = |+sin| = |= £ — e
& & 2 2 4 4

At x =, f[n}-msin +Einme=]

Hence, the absolute maximum value is 5/4 and absolute
minimum value is 1.

Given, equation of curve is _'|.ri miy.

Let F{x, y)be a point on the curve, which is nearest to
point A(2, =8).
Mow, distance between the points A and P is given by

2 ¥
AP = flx =2 +[_-.r+a=-J[-";--z] +(y+8)°

4
= 1'L+ 16y + 68
16

L]
I_.etz-A.Pi-T—ﬁ+1E|:,'+ﬁa

3
Now, Z w? 416
dy 4
For maximum or minimum value of z, put
3

o= Y 16w

dy
=yl redm0 = (y+d)(y =4y +16)=0= y==y

[ y* =4y + 16 = 0 gives imaginary values of y]
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24,

25.
26,

7.

29,

Thus, z is minimum when y = =4.

Substituting y = =4 in equation of the curve y* =4x;
we obtain x =4,

Hence, the point (4, =4) on the curve y* = 4x is nearest
to the point (2, =8}

Similar as Example 2.

[Ans. x =1 is point of local maxima,

x =3is point of local minima, x = 0is point of inflection,
Local maximum value =0, Local minimum value = = 28]
Similar as Example 14.

Hint Let r be the radius and i be the height of cylinder.
§=2mr"

Mr
5=2nr - S =2t
nr 2

Given, 5 = 2nr° + 2nrh = h=

Verrth= nri[

Nuw.d—vln.wegetﬁ- 2r
dr
Similar as Example 14.
Let the point on yi = dax be (x, ¥, 1
Then,
Distance between (x,, v, ) and (11a, 0) is given by
D = f(x, =11a)* +(y, =0 = f(x, =11a)" + y;

= 1|||{.1'L =11a)* + 4ax; [from Eq. (i)]

On differentiating both sides w.rtx,  we get
dl 1

—
dx, E-J{x. =11a)* +4ax,
Zx, =Xla+4a
= =
zJ[xl -11a) +4ax, f(x,-11a)]® +4ax,

i =dax, i)

[2{x, =11a)+ 4a]

x, =%a

d
For critical points, putd—-ll=hxl-9a =0 = x; =%
Xy

If x, =9, then y =36a" = y, =t6a
Hence, required points are (%, 6a) and (9, =6a).

N FE) d{dﬂ] d ——
O, : = = |=
dey g | dx, i, :I-I{Il'llﬂ]i+-1ﬂx.
M‘{-ﬁ‘gﬂ}l [2(x; =11a)+4a]
=

2 J{xl =11a)® + 4ax,

(x, =11a)® +4ax,

At (%, 6a), d!—D =10

dx}
S0, at (%, 6a), [ is mininmm.
Hence, the required point is {9, ta).
Hint Let A {k k) be any point on the curve y= x 47
and B(3, 7) be the given point.
~.Distance between A and B is

AR -..|I'|{J|-:=.,1‘i +{k=7)

Since, the point A(h k) lies on the curve.

Get More Learning Materials Here : i

30.

3l

e @)

k=h+7 = AB -J{h-af + (B +7 =75
or ABY = (h=3) + (K}
Let AB® = fih), then AB is maximum or minimum
accordingly as f(h) is maximum or minimom.

fih)=(h+1)* + K [Ans.+5]

Hint h=y100-x*

10

e [ T

1
Area A= E[m+ 2x) 100 = x*

da
= =0 [Ans. 7543 em?]
dx

Let the length of side of the square base of open box be x
umits and its height be y units.

¥
'&x l
¥ — i ——
= Area of the cardboard used = x* + 4xy
r _ 3
) 2 4 [
= i =yt bdxy = y= . i
MNow, volume ufth.ehnx,l-"-xzy
2 2
= V-x*-["’ 'IJ [from Eq. (i)]
4x
ra ! 2 H LT 3
== Ve— - - -
-4_11.:' x}-lt[cx x)

On differentiating both sides w.r.tx, we get

dav 1, 4 3 .
—_— =y i
1 ( ) (ii)
For maximum volume, put =0 = ¢’ =3x®
2
2 C s - .
== X =y ym using positive si
; N [using p gn]
Again, differentiating both sides of Eq. (ii) w.r.t. x, we
get
2
—d v -l{—ﬁ-x]- —3.1'-:&
dx? 4 2

e 4 ife
At x = . - <
B 2 [1?]
So, the volume (V) is maximum at x -j:g-.
Hence, maximum volume of the box,

1 g € CS‘
v - s -
I }:-;‘,; 4[E h 333]
1 (3= 1oz

-:-T-:-ﬁ;- a.3.::u units
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Let the side of square piece to be cut x cm.

18cm

9 |
1 N
+—18cm—
. Length of box, | = 18= 2x
Breadth of box, b =18 = 2x
Height of box, h= x
We know that,
Volume of box, V = [bh
Ve=(ld=2x)18=2x)x = Y%= x}2(F= x}-x
=a(9=x)x i)
=4 (81 =18x + i)y

=  Vedi(x®=i8x" +8ix)

On differentiating V w.r.L. x, we get

dv
En{zx* =36x + 81) =4-3{x" =12x & 27)

=12(x" =12x + 27) i)

I
=
18- 2

dv
For maximum or minimum volome 17, put E =(

= 12(x®=12x + 27) =0

= ¥ al2r + 2T =0 = x(x =9} =T (x=O) =D
=5 (x=9)(x=3)=0 = r=9=dand x=3=0
= r=fand xr=3

But x =% iz not possible, as whole tin piece will be cut
off into two equal parts.

. x=3
Again, differentiating both sides of Eq. (ii) w.r.t. x, we
get
d*v
?-nz{zr -12)=12.2{x=6)= 24 (x = &)

Zpr
At xm3 n‘_1.-.
dr?

= 24(3=6)m 24 (=)= =T2 0
x=3
%o, volume is maximum at x = 3cm
Maximum volume = 4 (9—3)° -3

=4-36-3 =432 cm”

Hint Side of a square bhase is x and height is y.
V= x*yand cost = 2x* x5+ 4xyx 250 [Ans. T 1920]
Let x be the side of square and r be the radius of circle.

Then, perimeter of a circle = 2nr
and perimeter of a square =4 x

[from Eq. (i)]

35.

6.

e @)

Given, sum of perimeter of circle and square = k
k= 2mr

4
Mow, sum of areas of a circle and a square is

k-hri ¥
P + TF

1
= A-[—ﬁ}k*—ﬂmr +4m'rt) + nrt
1

= Mrddrmk = x=

i)

A-xi+nr=-[

On differentiating twice w.r.L r, we get

“ ['_]{- 4k & 87°r) + 2nr
dr 16

2 r |
g A -'—[ﬂ+an“]+2n-2n +X o
dr? 2] 2

For maximum or minimum value, put :i'ﬂ =0
r

4kn  &n’ 7| kn
= IflF = ——% r-ﬂ=bf[2n+?]-T

16 16
Lo
4 k

=k Fa e S __{jij
2
2n+ﬂ &+ 21

2
Mow, ﬂ‘—AI =+ e
dr? ok

E+ IR

s A is least, when r =

and put this value in

Eq. (i), we get
xm l—[ir— mx
4

k 21 gk # 2mk - 2nk
B+ I 4 B4+

2k - k
8+ 20 E+In

Hence, A (i.e. sum of their areas) is least, when side of
the square is double the radius of the circle.

Similar as Example 12.
[ 144 324 tm]
|_ i afaee
Let K be the radius and h be the height of cone. which is
inscribed in a sp'here of radiusr.
Od=h=r

h ELL
l —
In AOAE, by Pythagoras theorem, we get
PR b= = 2R+ " = 2h
= R=uh-k i)

=% xm

]- 2 [using Eq. (ii}]

[
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4
The volume of sphere = E'.I'I:r!

and the volume of the cone, V = %nﬂzh

= v -%ﬂh{ir&-h*] [from Eq. (i)]

= V= ';n{z.n&* - i)

On differentiating both sides of Eq. (ii) wr.t. i we get
dv 1 =@
=" ?rr:{-irh 3h°) .\ii}

For maximum or minimum value, put % =

= srh=3k = 4r=3h

= &-4—r
3

[ h=o]
Again, differentiating both sides of Eq. {iii) w.r.t. i,
we get

d*v 1

= 5 —eh

2y
Ath-t. d‘iL -ln{-ir—i-xli—r]
3 | dh* | e 3 3
3

" 4rm
-?{4;-13;]--'?4:11

= Vis nmximumath-"?r.
On putting the value of k in Eq. (ii), we get
2 %
)]
3 3 3

- E[E,ﬂ - “,!]

9 27

3
.L-‘JE-E].LJ%'HLEJ[E]
3 o z?J 3 1_ 27 3 L2

= i(iﬂr’ ) b % Volume of sphere
27\3 27
Hence, maximum volume of the cone is 8/27 of the
volume of the sphere.
Let r, be radius of the cone and h, be its height and let r be
the radius and h be the height of the inscribed cylinder.

o

Clearly, AOAD and AOBC are similar.

L-h'-h ral - h)
Rk Z(h'

e @)

Let 5 be the curved surface area of the cylinder.
Then, S=2frh = 5 -%{h,—h]ﬁ

On differentiating both sides w.r.t. b we get
ds _ 2nm
—_—
dh By

=0

d*s 4
(h,=2h) and — = =—1
h dh*

ds
Mow, put — ==+ h = 2h
put — hy

ds
Also, ath =2h — <0
" dht

S0, § is maximum when j, = 2k

= r-;l- Half of radius of cone

Let VAR be the cone of height h, semi-vertical angle ¢ and
x bie the radius of the base of the cylinder A” 8" DC which
is inseribed in the cone VAB. Then, 00" is the height of
the cylinder = Vi = VO’ = h = x cotd
and volume of the cylinder,

Ve=axt(h=x cota) b

On differentiating both sides w.r.t. x, we get
E- 2nxh = 3nx” cota _{ii)
dx
For maxima or minima, put 4V /dx =0
W

A e o ol e E rs

= 2nxh=3nx"cotar =0 = mx(2h=3xcotat) =0

= x-—zsﬁtan(z [ x=0]
Again, differentiating both sides of Eq. (ii) w.r.t. x, we get

2.,
%x—‘;-(znh-6nx cot) = n(2h=6x cotct)
s
Atx-atanu. d—‘—-n(zh-4h)--2nh<0
3 dx?

X . 2h
= Vlsmaxnmum,whenx--—s—tanu.

Now, OO0’ = h= x cota -h-%-g

. Maximum volume of the cylinder is
2
V-n(ﬁ tan(x] (h-ﬂ] = Lk tan’ a.
3 3 27

Hence proved.
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Let length of rectangle = 2x m and breadth = ym

nx
¥ ¥
A 2x

Given, perimeter of the window = 10 m

- Perimeter of rectangle
+ Perimeter of semi-circle = 10 m

1
=% 2y + 2x+?{2ﬂr]-1ﬂ

= 2y =10 = x(n + 2) i)
Let A be area of the window, then
A = Area of semi-circle + Area of rectangle

1
-Eﬂxi + Ixy

:-A-lz[nxij+ x[10 = x(m + 2)] [using Eq. (i)]

1
= E{ﬂ:x!}+ 10x = xm = 2x¢?

2
=10x = . 2x*
]

On differentiating twice w.r.t. r, we get

2 et0-nx—dx i)

dx

2
mi TA o xd i)

d\'j

Fnrma:dmanrnﬁ.ninm..put%nﬂ

= 10=fyx=4ry=0 = I0=(4+m)x
10

4 + Tt

== =

10
On putting x = in Eq. (iii). we get
pulting x = —in By (iii), we g

2
ddx_‘: = Negative

10

Thus, A has local maxima, when x =
44T

10

4+ M

210 20
=

44T 4+

. Radius of semi-circle, x =

and one side of rectangle = 2x =

Mow, from Eq. (i), we get

jr-%[l-l:l— xim + 2]

= %[m- {n'f 4.}“ + 2]}

[from Eq. (iv)]

Get More Learning Materials Here : i

4.

e @)

-Itm + 4 = 1l = 20
AT +4)
20 10
-
An+4) m+4

5o, other side of rectangle = y =

T+4

Light is maximum, when area is maximum.

Hence, dimensions of the window are length = m

T+ 4
10
L+4

and breadth =

EL.

Solve as Question 39.

J:Ans.l.engﬂi- 2P and breadth = —£ ]
4 + 1 4+

Let the side of AABEC be x and y

Also, let rbe the radius of circle and £C = 907,
[ angle made in semi-circle]

In AABC, we have
(AB)* =(AC) +(BCY [by Pythagoras theorem]
= (Zrf=x®+y =4t mxt eyt

Area of AABC, A -%x}-

On squaring both sides, we get A* = %xzf

Let A* = 5, then § -ixi_v:

On putting the value of y* from Eq. (i), we get
5 -%xi[érz-xj]-%[-ixirz-x‘]

On differentiating both sides w.r.t. x, we get

ﬁ-l[ar*x-u’]
de 4

For maximum and minimum, put % =0
1
= I[Srir-aixs] =
=5 Srixemigx? = &t =gyt
== =y = x= ﬁr
Then, from Eq. (i), we get
}Iﬂ m4rta2r® = 2t

. y =z
Le. x = y, so it is an isosceles triangle.
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d’s  d[1, . o] 1. s 4
Alsg, —— Br x=4 —(&r" =12y
o = o e = ¢ ’

=2t o3kt
d*5
At x = «.Er — = =ixt e
d_ti
S0, area is minimuum.

Hence. area is minimum, when triangle is isosceles.
Let a and b be the sides of a right angled triangle.

43.

5 c

From A ABC, we get et mat v B

1
sArea of AABC, A -Emb

= A-%Jez-ai ['.'b!ﬂlei—n::]

On differentiating both sides w.r.t. a we get

dAd 1 |Ig z 1 1 (=2a)
— =] el gt = ga—
da 2 22 gt
2
1
== fci_ﬂ:_ i
2 et =t
dA
F-nrnm:u:ima..puld—-ﬂ
[F}
= l|-'||||:'2—.|11— a’ -lntr
2| =
= Py
z 2 C
= "=y = gm=
¥z

Again, differentiating both sides nf;ﬂw.r.t. a, we get
a

ct=a® Eﬂ-atz—\lrf:_—ai[-iﬂi]
.,.II{EE-::E]'2

t\n:'i -nij 2a+a’
1 - _ if!_aﬂ

E[Jﬁ-a* ¢ =a’ J

=1 rcz—a=+2£=-2.n:=+a2-|
-—aL

d*A 1| =2
da* 2 EJei—ai

-1 | 36?24 |

T J- Ta lmJ

2 (cl=a

e @)

424 c

. zcixzm'_ 2 o
242 (e*y"* | ¥

So, the area of AABC is maximum

and

Hence, the area of a right angled triangle of given
hypotenuse is maximum, when the triangle is an
ispsceles triangle.

Let PORS be a rectangle which inscribed in the ellipse

b= ci—a!-JFaz-ai =g

2 - §

X
F-l-%-l.
¥
(~a cos 6, b sin 6)Q B Fi{acos 6, bsing)
w7 I I Ve
-2 cos 8, - b =i ) = S(a cos 8, — b =in 8)
r

Length of rectangle, [ = Zacos 8 and
breadth of rectangle, b = 2bsintl

- Area of rectangle, A = {-b

s A= Zab. 25inf cos 8 = Zaobsin M

On differentiating both sides w.r.t. 8, we get

ﬂ-ﬂabcmﬂ-i

df
. . dA
For critical points, put T 0= cos 8 =10

n R
= W= =
2 4

2
Mow, r:l‘_l;:- =fabsin 8 which is negative for @ -%.
Hence, area is maximum.

"
Mow, maximum area = Eﬂb-sinEl 2ab

r 2
44. Let the equation ufmeﬂipubei—zq-%-l. then amy

point on the ellipse is P{a cos &, bsin 8}

F {5 cos 8, bsin )

X
Afa. 0)
{J {2 co= 8, - b sin &)

X /—""'.-F-_-_
~_Y

+

@ www.studentbro.in



From F, draw PM L 00X and produce it to meet the ellipse
at (), then AP iz an isosceles triangle, let 5 be its area,
then

SIEK%XA#!K.HF

= (0A = OM) x MP
=(g=acos 8)-bsin B

=% .5-ab[:inﬂ—:inﬂcnsﬂj!ab[ﬂiﬂﬂ-%ﬂ'n?ﬂ]
On differentiating twice wor.t. 8, we get

£-ab{tn5 B=cos 2)

ddl

d's _ :
and F-ab{—ﬂnﬂ-ﬁﬂﬂniﬂ}

For maxima or minima, put J5 (d8 =0
=msf=cos 20 = Ne=ln-0

= MWe=ln :B-%

r J
AtB-E—n,d—snabr—ﬂnﬂd-zsin(zxz—n]-l
3 g L3 3 )]

S P O e ]
I e

3 [mdm[n+£]-ﬂJ
3 3
b[ﬁﬁ]b[iﬂﬁn
2 2 2 2
s 5 is maximum, when 8 = E?ﬂ and maximum value of
5 -ab{sinz—ﬂ—l—-kmj—ncm 2—“]
3 2 3 3
[~ sin 2 = 2sinb cos B)
(=) (5= oo (53]
=aghlsin|(ft=—|=sin|m=—]cos |[m—-—
‘{ 3 3 3
. I N n
= gh| gin — = gin —| = cosg —
[on 3 msn 3 3))
[, T . m n]
= gh | sin — + sin —-cos —
3 3 3
-ab[%+£x1-]

z 2

ca[2828)

= Tab £q units
Hence, the maximum area of isosceles triangle is

3.3

—ab its.
p ab sq uni

Get More Learning Materials Here : i

45.

+6.

e @)

Hint Base BC = Zasin 28
and height AM = 0A + OM = a +acos 20

- Area of AABC A= %E{' ® AM = a” sin M1 + cos M)
Now, put E =1
dél
Let ABC be a right angled triangle and
A \
i

D

AC + BC = constant = K (zay)
Let ZACE=8. Then, BC = xcos 8 and AB = xsinfl
Let y be the area of A ABC.

B

1 1
Then, yp= ;BIDAE- T cos B+ xsint

= I;u'-l?r2 sinfl cos @ i)
According to the given condition, K = AC + BC

= Kemx+xcosh = yo—o i
1+ cos

On putting the value of x in Eq. (i), we get
K* sinfcos®
ym——

2 {1+ cos@)

On differentiating both sides w.r.t. 8, we get

-{I + cos B)%cos?0 = sin @) ]

d_y_K_z | = sin B cos 821 + cos 8) (=sinf)
da 2 {1 + cos 8)°
-{I + cos B)[(1 + cos @ )cos B —sinzﬂ}-
K? + 2s5in’# cos @)
L i
2 {i+ cos @)
-cmzﬂ-:iniﬂ'+ms;9-msﬂsin!9}_
K + 2sin*0 cos @
 —
2 (1 + cos 8)*

xi

-ﬁaticmgﬂ =1+ cosB + cos E:ing-B]
1+ cos )

[--sin®f =1 = cos? @)
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x!

-ﬁ-[hmiﬂ =1+ cos Blcos *0 + sin®8)]
1+ cos H)

K* :
= {Zc0s "0 + cos B =1)
1 + coz B)*
[ cos®@ +sin® 0 =1]
2
Fnru-:ﬂ-:i,x_!::-u
2 A1+ cosf)

.. 5ign scheme nf:—;wilt depend on 2cos 8 + cos § =1

MNow, 2eos B +cosfl =1=0

=5 (2cos @ =1)icos @ +1)=0

=% :ME-IE [ cos B 2 =1)
It

= H-; [-o<@ <90

d‘_y_{-hi.uﬂ]u{z-em ra]‘”]I
a0° {1+ cos B8

n
Hence. area of the triangle is maximum at & = N

Let F be a point on the hypotenuse AC of right angled
AABC. Such that PL | AB=agand PMLBC =k

Let £APL = < ACH=#8 (say)

Then, AP =asecH, PC = b cosec @

A
pAl
o
o ]
Let { be the length of the hypotenuse, then
= AP+ PC
= !-asec'ﬂwbmsec'ﬂ.ﬂtﬂ'{g

On differentiating both sides w.r.t. 8, we get

%- asec B tant = b cosec ® cot B A}

For maxima or minima, put % =0

= ggec il tan B = b cosec B cot@

asind bcos B [b]lﬂ
— I — = tan @l =| =
cos @ sin” 6 a
Again, differentiating both sides of Eq. (i) wrt 8, we
get
d* .
E-n{sec'-ﬂ ¥ sec” B + tan @ X sec @ tan 8)

=h [cosec B (= cosec® B) + cot @ (= cosec @ cot8)]
= asec® (sec’ & + tan” A)

+ b cosec O (cosec’ @ + cot® B)

+8.

e @)

I
Fori <@ < E all trigonometric ratios are positive.

Also, 2a > 0and b= 0.
I
E is positive.

and least value of
1= asec® + b cosec &

T JETRET
- HILI!IF b%
i
- rﬂ:!.l'! + B 5 By = (g 4 B
(e 253 biﬂ
[ in AEFG, tan@ m L secO m X%+ 2

27 D
|| L
and cosec = $-|
' |
Hence proved.

Let the length and breadth of the tank be x and y m,

respectively.

Then, volume = 75m?

= Iy =75 [ depth of rank = 3m]
=4 y-E
x

Let C be the cost of the tank.
Then, O =100xy +50(3x 2x +3x 2y)
= 100xy + 300x + 300y

-1ﬂﬂxx£+30ﬂx+30ﬂx£ I:}I-E]
x X x

T500
= = 2500 +300x +
x

Om differentiating twice w.r.k x, we get
Z

d'_r:_m_?&m and d“C -151]]1
dx ¥ dx* x*

=0

For minimum value, put ;E = {)
x

T500

=5 00 - —= 0= x =25
x
= x=5 [ length cannot be negative]
d*C 15000

= 1200

Aty = —m=
dx® 57

S50, C is minimum.

When x =5, then (" = 2500 + 1500 + 1500 = 5500
Hence, the cost of least expensive tank is ¥ 5500
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SUMMARY

-Theramaold\angootywkhrespecnoxalpowx=x°isgwenby(%) or f*(xg)
xmyg
« Suppose y =1 f)and x =g () Then, rate of change of y with respect to x is given by

DR o s o K H S
dx  dxjadt’ dt

* Afunction f is called an increasing function in/, if x; < xz = f(x) S (%), ¥V Xy, %z 1.
= Afunction f is called a strictly increasing function in/, if x; < x, = f(x,) < f(x,),¥ x,. x, €.
* Afunction f is called a decreasing function in/, if x, < x, = f(x,) 2 f(x,) ¥x,. x; €1.
« Afunction f is called a strictly decreasing function in /., if x, < x = () > f(x2) ¥ X, X5 € -
* { be continuous on [a, b]and differentiable on the open interval (a, b} Then,
(i) fisincreasingin [a b],if f*(x)= 0for each x € (a,b).
(i) fis decreasinginfa b],iff’(x)<0foreachx (a, b)
(&i) [ Is strictly increasing in [a,b), if f*(x) > O for each x e (a,b)
(iv) fis strictly decreasing infa, b),if f'(x) < 0 for each x e (a,b)
(v) fis constant function in fa,b], if f*(x) = O for each x e (a, b)
* Local Maxima and Local Minima Let f be a real valued function and let ¢ be an interior point in the domain of f, then
(i) c is called a point of local maxima, if thereisa h > 0suchthatfic)> f(xL ¥xin(c =h, ¢ + h).
Here, value f {c)is called the local maximum value of 1.
(i) ¢ is called a point of local minima, if thereisah > 0suchthat fig) < f(xL Vxinfc =h,c + h)
Here, value f(c)is called the local minimum value of /.
* A pointc in the domain of a function f at which either f“{c )= 0 or f is not differentiable is called a critical pointof /.

= First Derivative Test

(i) iff*(x)change sign from positive to negative as x increases through ¢, thenc is a point of local maxima and f(c ) is local maxdmum
value.

(i) If f*(x)change sign from negative 1o positive as x increases through point ¢, then ¢ is a point of local minima and f¢)is local
minimum value.

(Hi) If f*(x)does not change sign as x increases through ¢, thenc is neither a point of local maxima nor a point of local minima. Infact,
such a point is callad point of inflection.

* Second Derivative Test Let a function f be twice differentiable atc. Then,

(i) x =c isapoint of local maxima, if f(c)=0and f”(c) < 0.
The valua f(c )is local maximum value of /.

(i) x =c is apoint of local minima, if f'c)=0and 1“c)> 0.
The value fic ) is local minimum value of 1.

(i) the test fails,if f'(c)=0and /) =0.

CHAPTER
PRACTICE

OBJECTIVE TYPE QUESTIONS (c) both maximum and minimum values

(d) neither maximum nor minimum value

1 The function y =x%"" is decreasing in the interval

[CBSE 2021 (Terml)] 7 The area of a trapezium is defined by
(a) (0, 2) (b) (2, =) function f and given by
(€) (===, 0) (d} (===, 0) (2, =) flx)=(10+ :r].‘llll]l] = x*, then the area when
2 For 0 <@ < % the value of @, if it increases twice as it is maximised is [CBSE 2021 (Terml)]
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fast as its sine, is

L n
(a) 37 (b) 3

© = (d) None of these
The real function f(x) = 2x* = 3x% = 36x + 7 is
[CBSE 2021 (Termi)]

(a) Strictly increasing in (—es, =2} and strictly

decreasing in (<2, =)
(b) Strictly decreasing in(-2,3)
(c) Strictly decreasing in (==, 3) and strictly

increasing in (3, =)

(d} Strictly decreasing in (—e=, =2)u{3, =)
Let glx) = 2}[%] + f(2=x)and ["(x) =0 for all

xe(0, 2). Then, g(x)is

(a) increasing on (4 / 3,2) and increasing on (0, 4/ 3)
(b) decreasing on (0,4/3) and increasing on (4 / 3,2)
(c) increasing on (0, 4 f 3) and decreasing on (4 / 3, Z)
(d) None of the above

The value of & for which the function

Flx)=x +cosx + b is strictly decreasing over K is
[CBSE 2021 (Terml)]

(a)b<1 (b) No value of bexists

(el b=l (d) b1

Afunction f:R — R is defined as fix) =+ L Then,
the function has [CBSE 2021 (Terml]]
{a) no minimum value

(b} no maximum value

The total revenue received from the sale of

X units of a product is given by
R(x) = 3x" + 36x + 5 Find the marginal revenue

when x = 5, where by marginal revenue, we
mean the rate of change of total revenue with
respect to the number of items sold at an
instant. [NCERT]

Show that flx) = e"* is a strictly decreasing
function for all x = 0.

Show that fix)=x - sin r is increasing for all
xeh

Show that fix) = [.t - %] is increasing for all

YeR x=0.

Show that the function given by filx) =™ is
strictly increasing on R. INCERT)

Show that the function fx) = coslrisa

decreasing function on (l], %]

e @)

(b) 73 cm?
(d) 5 cm?

{a) 75cm?
(c) 7543 cm?

8 The area of greatest rectangle that can be

T Cooxt oy
inscribed in an ellipse E—1+ = =] is

(a) ab sq units (b) %.ﬂq units

(c) 2ab sq units (d) 3ab sq units

9 The smallest value of polynomial
x* =18x" + 96xin [0, 9] is

(a) 126 (k) O
(c) 135 (d) 160
1
10 The maximum value of [x{(x =1) + 1,0 < x =1
is [CBSE 2021 (Terml)]
(a) 0 ©) 5
(c)1 (d) g

VERY SHORT ANSWER Tvpe Questions

11 Find the rate of increase in the surface area
of a cube with respect to its edge x, when
X =5¢m.

12 The side of a square is increasing at the rate
of 0.2 em/s. Find the rate of increase of the

perimeter of the square.

13

The radius of a circle is increasing at the
rate of 0.9 cm/s. What is the rate of increase
of its circumference?

26 At what points of the ellipse 16x* +9y* = 400

does the ordinate decrease at the same rate at
which the abscissa increase?

Show that the function fix) = ¥ =3x? 5+ 6x =100
[All India 2017]

27

is increasing on A.

Find the values of k for which
flx) = kx* =9kx” +9x + 3 is increasing on R.

28

SHORT ANSWER Type 11 Questions

29 The side of an equilateral triangle is increasing
at the rate of 2 cm/s. At what rate is its area
increasing, when the side of the triangle is
20 cm? [Delhi 2015

30 Water is dripping out from a conical funnel at a
uniform rate of 4 em®/s through a tiny hole at
the vertex in the bottom. When the slant height
of the water is 3cm. Find rate of decrease of the
slant height of the water-cone. Given, the

vertical angle of the funnel is 120°,
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20 1f the radius of a circle increasing from 5 em to
5.1 em, then find the increase area.

SHORT ANSWER Type I Questions

21 Astone is dropped into a quiet lake and waves
moves in circles at a speed of 5 cm/s. At the
instant when the radius of the circular wave is
& cm, how fast is the enclosed area increasing?

[NCERT]

22  Anedge of a variable cube is increasing at the rate
of 3emfs. How fast is the volume of the cube
increasing, when the edge is 10 cm long?

23 The volume of a sphere is increasing at the rate
of 8 cm®/s. Find the rate at which its surface
area is increasing when the radius of the sphere
is12em. (Al India 2017]

24 The surface area of a spherical bubble is
increasing at the rate of 2cm®/s. Find the rate at

which the volume of the bubbles is increasing at
the instant, when its radius is 6 cm.

15 Aballoon which always remains spherical is
being inflated by pumping in gas at the rate of
800 cm®/s. Find the rate at which the radius of
the balloon is increasing, when the radius is
20 cm.

37 Find the maximum profit that a company can
make, if the profit function is given by

Pix) =41+ 24x = 182" [NCERT]

38 The sum of two numbers is 24. Find the
numbers, 5o that their product is maximum.
[NCERT]

39 Atelephone company in a town has 500
subscribers on its list and collect fixed charges
of ¥ 300 per subscriber per year. The company
proposes (o increase the annual subscription
and it is believed that for every increase of ¥ 1
per one subscriber will discontinue the service.
Find what increase will bring maximum profit?

LONG ANSWER Type Questions

40 Find the point on the curve y* = 2x, which isat a

minimum distance from point (1, 4).
|All India 2011]

41 Show that of all the rectangles inseribed in a
given fixed circle, the square has the maximum
area.

42 Show that a cylinder of a given volume, which is
apen at the top has minimum total surface area,
when its height is equal to the radius of its base.

|Foreign 201 4; Delhi 2011)

43 Ajet of an enemy is flying along the curve
y=x® +2 Asoldier is placed at the point (3, 7).

What is the nearest distance between the

e @)

31 Ifxand y are the sides of two squares such that
y=x =x7 then find the rate of change of the
area of second square with respect to the area
of first quadrant. [NCERT Exemplar]

32 Find the intervals in which the function given
) [. =],
by fix)=sin3x, xe 0, —is
y flx)= s {U, 2|

(i) increasing (ii) decreasing.

33 Find the intervals of the function
fix) = 4sin® x = Bsin® x + 12sin x +100
is strictly decreasing. INCERT Exemplar]
341 Determine the interval in which the function
fix) = 2x* = 15x7 + 36x + lis strictly increasing
and strictly decreasing.

Directions (Q. Nos. 35-36) Find the interval(s) in
which the following functions are

(i) increasing.

(ii) decreasing.

X
35 f{x:l-lug{l+xl-m,x=-1

36 fix)=(x+2e " [Delhi 2010C)
T
(e '
Graveding
path
' '-';;;ﬂ,'{'f::; ------ T )
|CBSE Question Bank]
Based on the above information, answer the

Sfollowing
(i) 2x and 2y represents the length and breadth

of the rectangular part, then the relation
between the variables is

(a) x* =y =10 b) x*+ y* =10
(c) x* = y* =100 {d) x* + y* =100
(il) The area of the green grass A expressed as a

function of x is
(b) 4x4100- x>

(a) 2x4100-x2
{c) 24100+ 2 (d) 4x+1004+ &2

(iil) The maximum value of area A is
(a) 100 m® (k) 200 m®
(c) 400 m? (d) 1600 m?

(iv) The value of length of rectangle, if A is
maximum, is
(a) 1042 m (b) 2042 m
{c) 20m ({d)54Zm

(v) The area of gravelling path is

(2) 100(x + 2)m* (b) 100{x =2)m*
{c) 200(x + 2)m* (d) 200{x -2)m®

47. Let a cone is inscribed in sphere of radius R.
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45

soldier and the jet?
Find the maximum area of an isosceles triangle

z W2
inscribed in the el]ipse% + %- 1'with its vertex

at one end of the major axis.

The demand function of an output is
X =106=2p, where x is the number of units and
p be the price per unit and the average cost per

- X .
unit is 5+—D. If the total revenue is px, then

determine the number of units for maximum
profit.

CASE BASED Questions

16.

48.

An architect designs a garden in a society. The
garden is in the shape of a rectangle inscribed
in a circle of radius 10m as shown in given
figure.

(i11) Maximum va]uc of m]umc 1-ri:
@22 ) Eak (0 2R (@) SnR®

(iv) The values of r h when v is maximum, are

2.7 AR iR EE
[il]l—3 R—z (b} — 38

V2 . 2R 2R Jz'
[f}? ,? [d]‘

{v) The ratio of volume of cone am:l volume of
sphere, when volume of cone is maximum, is

2 8 2 1
(a) = (b) = () 3 (d) =
A building has a gate in the form of a rectangle
is inscribed in a semi-circle of radius r with one

of its sides on the diameter of the semi-circle.

[

N

A o ¥ B8
|CBSE Question Bank]

O the basis of above information, answer the

[following questions.

| ANSWERS |

L (d) 2. b 3. ()
7. (e 8. (o) 9. (b) 10. (&)
13. 12nem/fs 14 Tes 20, mem?® 21.

24.

30.

&em fa 25, —emys

: 26. [1”'] [—3 "—“’}
2n 3

%un.ﬂs 3. 2x® —3x 41 3 {1}[1} —] {u][— —]

2
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&0 mem?)s

e @)

The height and radius of cone are h and r
respectively.

|CBSE Question Bank]

Based on above information, answer the following
questions
{i} The relation between r and Kin terms of x is

(a)r=+R* +x" (b)r=+R*=x"
([clr=H+x (dyr=H-x

(i1} The volume v of the cone expressed as a
function of x is

(a) =R+ x)(R=x)? (b) Za(R+ x)*(R-x)

c) ]En'[R+ o (d) %H{H _x)?

(i} The values of x and y in terms of 6and r are
{a){rsin®, reos8)  (b)ircos e, rsin 8)

fchirsec® rtan®  (d){rtan 8, rsec &)
(ii} If area of rectangle 4 is expressed in terms of

Bandr, then 4 =
{a) r* sin 20 (b} r® cos 28
ic) %rz 5in 28 (d) 21:2 cos28

(111} When A is maximum, the value of Bis
n w n
(a) a (b) " (€) 3
ar
(@2

(iv) For maximum value of 4, the dimensions of
rectangle are

@ErnEn o))
ofrg) o)
(v} Maximum value of 4 is
(a)2r* (b)r*
(3" @57
5. (b) 6. (d)
1. 60 em?® 12, 0.8 confs
22, 900 emfs 23, %cml.fs

49, z-u-E em e

28. k E{ﬂ-. %}
33. E ::J
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34. Strictly increasing in (=es, 2) (3, ==) and strictly decreasing in {2, 3).

35. Increasing in [0, =) and decreasing in{===,=1)1=1, 0). 6. Increasing in {=es, =1] and decreasing in [=1, =)

37, T40 34, 12,12 39, The company should increase the subseription fee by T 100,
40. (2,2 43. Sunits 44 945 sq units 45. pis madimum, when x = %
46, (1) = (d), (1) — (b}, (i) — (b}, {iv) — (), (v) = (b) 47 (i) —= (b}, (ii) — (b, (1ii) — (), (iv) — (a), (v} = (b)

48. (i) —=ib), (i) — (a), (iii) — (b), (iv) — (). (v) = [b)
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